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ABSTRACT: Multivariate isotonic regression theory plays a key role in the field of testing
statistical hypotheses under order restriction for vector valued parameters. This kind of
statistical hypothesis testing has been studied to some extent, for example, by Kulatunga and
Sasabuchi (1984) when the covariance matrices are known and also Sasabuchi et al. (2003)
and Sasabuchi (2007) when the covariance matrices are unknown but common. In the present
paper, we are interested in a general testing for order restriction of mean vectors against all
possible alternatives based on a random sample from several pCdimensional normal
populations when the unknown covariance matrices are common. In fact, this problem of
testing is an extension of Bazyari and Chinipardaz's (2012) problem. We propose a test statistic
by likelihood ratio method based on orthogonal projections on the closed convex cones, study
its upper tail probability under the null hypothesis and estimate its critical values for different
significance levels by using Monte Carlo simulation. The problem of testing and obtained
results is illustrated with a real example where this inference problem arises to evaluate the
effect of Vinylidene fluoride on liver damage.

KEYWORDS: Monte Carlo simulation; Multivariate isotonic regression; Multivariate normal
population; Testing order restriction.

AMS (2000) subject classification: Primary 62F30; secondary 62F03, 62H15.

INTRODUCTION

Problems concerning estimation of parameters and determination the statistic, when it is known
a priori that some of these parameters are subject to certain order restrictions, are of
considerable interest. There are many sizeable literatures dealing with means testing problem
under order restrictions. Bartholomew (1959), considered the problem of testing the
homogeneity of several univariate normal means against an order restricted alternative
hypothesis.

In many applications researchers are interested in testing for inequality constraints among
population means vectors pi, i [1,2,01,k , after adjusting for covariates. For instance,
toxicologists are often interested in studying the effect of a chemical on the mean weight of a
specific organ of an animal after adjusting for its body weight (Kanno et al. 2002a, 2002b).

Instead of the usual two-sided alternative pi [ i [J j, researchers are often interested in testing
against inequalities among the parameters (known as order restrictions). Some common order
restrictions of interest in the multivariate distributions (with at least one strict inequality) are;
(@) Simple order pi Op j, for i O j, where this unequal means that all the elements of p j Cipi
are non-negative. (b) Simple tree order py O p j, for 100 j, (c) Umbrella order (with peak at i )
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pr O pe OO0 wi O ping OO0 pk. The null hypothesis being Hol g O po OO0 pk
(with at least one strict inequality).

Robertson and Wegman (1978), obtained the likelihood ratio test statistic for testing the
isotonicness of several univariate normal means against all alternative hypotheses. They
calculated its exact critical values at different significance levels for some of the normal
distributions and simulated the power by Monte Carlo experiment. Also they considered the
test of trend for an exponential class of distributions.

Sasabuchi et al. (1983), extended Bartholomew's (1959) problem to multivariate normal mean
vectors with known covariance matrices. They computed the likelihood ratio test statistic and
proposed an iterative algorithm for computing the bivariate isotonic regression. Sasabuchi et
al. (2003), generalized Bartholomew's (1959) problem to that of several multivariate normal
mean vectors with unknown covariance matrices. They proposed a test statistic, studied its
upper tail probability under the null hypothesis and estimated its critical values. Sasabuchi
(2007), provided some tests, which are more powerful than Sasabuchi et al. (2003).

Bazyari (2012), presented some properties of testing homogeneity of multivariate normal mean
vectors against an order restriction for two cases, the covariance matrices are known, and the
case that they have an unknown scale factor. He computed the critical values for the proposed
test statistic by Kulatunga and Sasabuchi (1984) for the first case at different significance levels
for some of the two and three dimensional normal distributions. The power and pCvalue of test
statistic are computed using Monte Carlo simulation. Also when the covariance matrices have
an unknown scale factor the specific conditions are given which under those the estimator of
the unknown scale factor does not exist and the unique test statistic is obtained. Bazyari and
Chinipardaz (2012), generalized Robertson and Wegman's (1978) problem to that of several
multivariate normal mean vectors with unknown covariance matrices. They proposed a test
statistic, studied its upper tail probability under the null hypothesis and estimated its critical
values using Monte Carlo simulation. Bazyari and Pesarin (2013), considered testing the
homogeneity of k mean vectors against two-sided restricted alternatives separately in
multivariate normal distributions and examined the problem of testing under two separate
cases. One case is that covariance matrices are known, the other one is that covariance matrices
are unknown but common. In two cases, the test statistics are proposed, the null distributions
of test statistics are derived and its critical values are computed at different significance levels.
The power of tests studied via Monte Carlo simulation. Bazyari (2016), considered testing
homogeneity of multivariate normal mean vectors under an order restriction when the
covariance matrices are completely unknown, arbitrary positive definite and unequal. The
bootstrap test statistic proposed and because of the main advantage of the bootstrap test is that
it avoids the derivation of the complex null distribution analytically and is easy to implement,
the bootstrap pCvalue defined and an algorithm presented to estimate it. The power of the test
estimated for some of the plidimensional normal distributions by Monte Carlo simulation.
Also, the null distribution of test statistic evaluated using kernel density. The problem of
estimating the unknown parameter i, i [J1,2,01, p, under inequality constraints has received
considerable attention in many books. For an excellent review on this subject one may refer to
the books by Silvapulle and Sen (2005) and van Eeden (2006).

Suppose that Xii,Xi2,[1,Xini are random vectors from a pridimensional normal distribution
Np [ pi, 0 with unknown mean vector wi, i [1,2,00,k , and nonsingular covariance matrix [1.
We assume that 1 is unknown. Consider the problem of testing
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Ho:p: O po OO0 px,

against the hypothesis Hi, where H: is all possible alternatives on the mean vectors. Still
consider p [1dimensional normal distributions Xi~ Np Ui, (10, 1 001,2,00,k , where pi [ (nlJiq)
ni )0, i 01,2,0.k . In general, we say that p [ (ua,p2,00,pk )OR PP, for any pi [
(D13, 02i,00,0p  )OOR P i 01,2,00,k , is ordered on columns, or simply p is on ordered matrix,
if p1 Ope 00 Dp. Suppose that the dimension of pi) ’s is r and the dimension of pie) is
plr. In the present paper, we are interested in the problem of testing

HO :nl(1) Op2(1) 00 0pk(1),p1(2) Op2(2) 00 0uk(2),
against all alternative hypotheses on the mean vectors.

Also in the present paper, we suppose that the common covariance matrices are unknown. It is
clear that if r (1 O, this testing problem is the testing problem given in Bazyari and Chinipardaz
(2012). Therefore this testing problem is an extension of Bazyari and Chinipardaz (2012). Such
tests may be used in some fields. This kind of testing representation is common, for instance,
in selection and ranking problem for finding the largest element of several normal means (see
Shimodaira, 2000). Sarka et al. (1995) and Silvapulle and Sen (2005) discuss other examples
from different areas, especially in medicine. Also their applications can be found in clinical
trails design to test superiority of a combination therapy (Laska and Meisner, 1989 and Sarka
et al., 1995). Consider the following example.

Example 1. A survey is conducted among the students in 4th grad, 5th grad and mixed grads
in distinct I, and among the students in 4th grad and 5th grad in distinct Il. Observations on
four variables: the age, the household income, the height and the number of hours for non-
academic activities per week in schools are collected. The means are represented as elements
in matrix p[JR*"® and given in Table 1.

Table 1. Structure of the mean vector elements in experiment on the students

4th grad 5th grad Mixed 4th grad 5th grad

Dstinct | Dstinct | grads Dstinct Dstinct
Dstinct | I 1
Age O (12 (i3 (14 [1s
Income Oz 22 23 24 25
Height mEY (32 33 e Css
Play (a1 (a2 (a3 [as [as

hours
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One may assume that the inequalities

011 0012 0013 0014 021 0022 0023 0024
015, 0025

031 0032 0033 0034

0035,
041 0042 0043 0044

045,

with at least one strict inequality in one of them is established. So we have the ordered
hypothesis HoU U : pa O p2 O ps O pg, with at least one strict inequality.

The rest of this paper is organized as follows. In Section 2, the problem of testing is described,
two definitions are given and a test statistic is proposed. In Section 3, the null distribution of
the test, two lemmas and main theorem are given. In Section 4, the critical values of the test
statistic when the sample sizes are identical and also when they are different are estimated
using Monte Carlo simulation. The problem of testing is applied to an application example in
Section 5. Concluding remarks are given in Section 6. The complete source programs are
written in softwareS [ PLUS.

The problem of testing

Consider pridimensional normal distributions Xi ~ Np[Jpi,[10], with observations Xijj , j
11,2,0ni, 1 01,2,00,k . In the present paper, we are interested in testing

HO :p1(1) Op2(1) 00 0pk(1),pl(2) Op2(2) 00 0puk(2),

against all alternative hypotheses on the mean vectors when the unknown covariance matrices
are common.

In Kk Ni

Let X [ ni-0j01 Xjjand S O Oid1 Djm_l (X ;(i)(Xij [0 Xi) be the sample mean vector
of

i th population and sample mean variance covariance matrix respectively.

Definition 1 (Sasabuchi et al., 1983). Given p[variate real vectors X1, X2,], Xk and pJ p
positive definite matrices [11,2,00, 0k, a pUk real matrix

(n"1,p"2,0,p%) is said to be the multivariate isotonic regression (MIR) of
X1, X2,0, Xk with weights 017,051, 0,047 if - ("1 Op2 OO Op'k) and

(n"1,1"2,00,p0) satisfies
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k k

OpM™n20 Opk 00 (Xi D)0 022K Opi) 0 00 K Opt )0 071G Opt ),
pl 0
il il

where p” ' s can be computed by the iterative algorithm proposed by Sasabuchi et al. (1983).

In fact, this definition includes the definition given in Barlow et al. (1972) for univariate
variables.

Definition 2. ¢ is called a convex cone if x, y(ic ,0J0 0,00 0, then Ox O Oyc. Also ¢ is

called a closed convex cone if it is convex cone and close set. Define two closed convex cones
co and ¢y in R P< by

[ Upa O 0
cO0JD0pD | 000 O00pl(Q)0p2(l) 000 pk()  p,idL20koo,
ul(2) O p2(2) 000 pk (2) ,ui OR
00 OOwO0 00

[] U O O

ci0"0p 00 00w ORP,i 01,2,0,k 0,
00 O0wO0 00
where under the closed convex cone cz there is no any restriction on the mean vectors pi.

Suppose that p* i, i 01,2,00,k , is the MIR of unknown parameter pi under the closed convex
cone Co. Then we have

k k

Ti02 ni (Xi D" §)0SOL(Xi Op* i) 0 minp0c0 000001 ni (Xi Opi )OSOL(Xi O
Yooo.

For pk [0 dimensional real vectors x [ (X1[J,X2,00,x0k )0 and y 0 (y10,y 2,0,y 0k ) O their
inner product in R P is defined as

k
Ox,yOa O OnixtiA Yy

i1
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00Onl0010 0000yl 00 O (xa0,X02,0,X0k
)OO oooo.

0o nO01l000yk OO
U k U
Also define anorm || .||z in R P by || X |0 Ox,x0a. Suppose that for xR P,

[1a(X,c) be the point which minimizes || x(Ow ||a, where w(lc. We note that, since c is a closed
convex cone, so the uniqueness of [J1a(X,c) is clear.

Let ACIB be the Kronecker product of matrices Arom [ (&ij) and Bnos [ (bw ) and defined as
JallB O almBO
U U
AOBOD O 0 .

O0arlB O armBO O

Therefore
Ox,yOa O XO(DOA )y,
where
Ongt 0000
N 00
DOOp0O0
]
0 ks
0
[]
]
00O nk
HiN
The test statistic

The likelihood function for testing H o versus Hy is

L(ul,p2 ,0,pk,0) 0 00kl 000000000
_1 0n0i (Xij Opi )OO DA(Xij Opi )OO 00O

(201) p/2 OOni - On2i exp OO0

0o o] 2j1 ooo
n

[] 1 [] . _n2 expl 1k n O
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000 QRD)pROLD| DD U002 0i0l Djoil (Xij Dpi )00 01(Xij Dpi )OO

g -

D000(@1)pR20O D2expd00 1 tr00L OOO0K NI (Xi Dpi )(OXi Opi )00
soooo,

o gd 0 ] 2 il 00

k where S s
distributed with Wishart distribution W, (n0k,[1) and n (1 CIn;.

i1

Suppose that A is a pLp non-negative definite real (symmetric) matrix, [1,02,],00p are the
characteristic roots of A and [1 is a positive number, then

p p
‘I ol DAJ 0 O(000) 010 0000 O(0?%) 010 tr(JA) O O(02). (1)
i0l ol

By Anderson (1984), it is well known that the supremum of the function

L(p1,p2,00,pk,[1) on [ [1 0 which is the supremum for all the p(] p positive definite matrices
given by

np n
o

max 0 L(py,pz, e, 00) 0 20 29ne2 00928 0 0ik ni (Xi D) (X D)0,

)
0 0

N1

Therefore we have

-~ np

OH™0, 11 007 L (a2 , O, ,0) 0 555 ZDF‘EDDDD 250 BokL m (X Ot )G O 1)1,
(3) and also it is completely clear that

np

2DeDD 2n

max L(pa,p2,0,pk,0) 0 70 o SY— | | ) (4)
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OHL, 000" on O

From equations (1) and (2) we get that

np
mw(IanLmLmJluhD)DLnDDDﬂﬂwDDDDZEHﬁm[IngDD%nNXiDui
)X 0 i )0 010
2 0 i 10] —
np
LnO 0 0
1
0 020ne0002 —n2LnErDD[|]$‘IpDSleDkalni(XiDui)(Xll:Etijtui
)OS 0o
- - | a
np
B - 1
[ 20ne0102 n2 0Ln'S O Ln 001 p [ SO12 D0k ni (Xi 0wl )OXi 0 pi 2
)OSOOoooo0oo
OO 0000il000000
np
= || B 0 LnO0
2 20e01011 2
y o ¥ OnOoLnS
e 2 n n
Ln —Ln|S|q=Lnplptr -4 N S U
0 EJlnE 05 bSlos Lnglotr o
np
e’z n n =
Ln —Ln|S|p—=Ln¢l n. (X .
0 Eg'lnE 05 MSlo5 o v o
On the other hand
Ln

S O Q n; (XI |:|fu)(>_<i I:Ifli)|‘

np

2 ~2re -2
0afC
LnOOO000010tr 0000k ni SO (Xi O pi )(Xi O pi ) 00000000000 0000
OnO OO0 000 Dil OO0
O Ok  D1(XiO

pi )(Xi O pi
)Y0ooooogi
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[ [ Oinl 0O

0 0ok 0LXiOpi)ooooo,
)OS
0 0 0isl 00
OO0 O O max Ln L(p,p?,0,p%, ©)
- HO.OD0D 5)
0 Ln S 0 ™0n0 000k n (Xi 0 ) OSOLKi O pi )00
niol ok

OLnS O om0 pti)OSPXi 0 p ).

il
By equations given in (3) and (4), the likelihood ratio test statistic is
k - ,”% Then from equation
‘S 0 l;l m (X Dui)(xi Ellli) (5) we have
00 n '
S K
Therefore B B 0 2Ln O O nOdiol

K . _ ' i Xi S
S DQ n; (X Dfu)(xi Dﬁi)‘ DLn|S|E ;"DSD(l(IXi DDul}i) |

DZLnD DnELn
O X Opt s,

where X 0 (X1J,X02,0,X0x )0 and p* O (p'10,p" Oz, 0,0 Ok ) 0. Thus the test statistic by
LRT method given by

TOn| XOp .

For given significance level [, we reject the null hypothesis H o, when T Otg, where to is a
positive constant depending on the significance level.

The null distribution of the test statistic
T
To obtain the null distribution of the statistic T , first we denote -by T. Thenn

T O XOp" |2s O]) X0 Os (X,co) ||%s (6) If Ha :pa Opz 00 D,
then H 2 is the least favorable among hypotheses satisfying Ho with the largest type | error
probability (Silvapulle and Sen, 2005). Therefore for given the significance level O, we have
10 sup Puo,o (T Uto) , where _
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0o

o is the common value of py, [, under Ha.
Now, easily we have the following theorem.
Theorem 1. Under the hypothesis Hz, the distribution of T given in (6) is independent of po .

Proof. Define the random vector Y by

OY: 0 OXeOpe O Opo O
U U U U U U
YOOOOOO U OO0XOOOOo.

O0Yk OO OOXkOpo 00 00p0 00

Then it is clear that the distribution of Y in independent of po and is distributed with
N (0, _"). On the other hand
Ni

T 0| XO0s (X,¢0) [IPs 0| YO Ds (Y,co) |2

Since the distribution of | s (Y,co) LY||% is independent of po, so the distribution of T

statistic is independent of po and this completes the proof. Define the closed convex
cone Cz as

[ Upa 0 0
U U ‘ 0o
c20 Op 000 0Opl(1) Op21) 000 pk(l) ,01(2)1 0 02(2)1 000 Dk(2)10,
00 O0wO0 00
where i) Cerloimi, 1 011,2,00,k and eroq is a pridimensional vector with the

(r 01)0Oth element being one, others are zero. Also we define another statistic

T 0| X0 Os (X,c0) |I2s Ol X0 Ds (X,¢2) I -
Since the computation of the critical values from the formula 0O OsupsupPy,o(T O tn)
O Ho
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is difficult, we will show that the distribution of T * is independent of po and (1, where po is the
common value of pi,p2, 07, pk.

If ™~ O (10,0 02,0,0 " Ok) 0 is the multivariate isotonic regression of X1, Xz ,01, Xk under
the closed convex cone ¢z, then

k k
T 0 Om XK Op )OSPEOKG Opt i) O Omi K Op® i) OSPLOG D ).
inl ol
Suppose that M is a pJ p nonsingular positive definite matrix given by
OM1 00O

M O“0OM 21 M 22 P, (7) where M is a rCJr dimension
matrix and M2z isa (p [J r)[0(p [ r) dimension matrix. Also put

Ol 00
D OO0 010 and OCDM.
00 M22 0
Then we get that
M1 00
0000 diM21 100, M 22
Put
"E 0
oo U o 1 Mot 0. (8)
O0OE21 E22 000D 00000OM 2201M 21M1101 1000

Lemma 1. For matrix M given in (7), we have
a) Forany pO p orthogonal matrix H ,

(I TI(HM ))co [ co.

b) There exists a pJ p orthogonal matrix H which satisfies:
(I O(HM))c2 Dca.
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Proof. The proof of part (a) is easy to derive. We only prove the part (b). Put
I,” O[Ir 0], then by (8) it is clear that I,” 0™ 0[M1171 0] . Let UrUp1 DerJps O . Then

O0TwmOd O

(100)2 0 00000 00 ‘ul(l) 0 p2(1) 000 pk (1) ,pl(2)1 O p2(2)1
000 pk (2)100

0000T p 00 0o

0 0kOl 00O0000TOpl OO0 ‘ I i O Ir* p(i01) ,er0 01 pi Der 01
n(idl) 00001 00007 m 0o Op

Oko1 | 00001 00* 01 Irr 0010(301) er001 00104
Der001 DO10(i01) 00O O

[] 00 00k DO O
010000k 00 0o
[

HININ

0 0kO1 0000 01 DDD‘MllDlDi(l) 0 M11010(3i01)(1) er0ol
00100 Der001 0010(01) 000

101 0000k Do Uo

O

kOl 0OoOoool oo o0

0oooo D‘Di(l) 0o@01)(1),0r001 0i 0oro01 0301 0ol
0000k On Op

0
k1 0000l oooo
-
00000 00iR) 003G00Q), Di)1 0 0i01)@)10 0 ¢2.i01
UO0000k On Un

On the other hand
(1 0OM)e0 (1 0(DT) c2 0 (I O D™)ee

k1 0O0OODO1 pl O N
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[

0DO0O0ooo ‘ui(l) 0 p(iol)(1) ,pi(2) O p(in1)(2) 0 i01 D00ODO1

pk Oo 0

0kO1 00ODO1 pl DD‘ * Ir*p@i01) erdC0lpi DerdOlp

(i01) Doo O
O 00 0 Olrpi O
i01 0000D01 w o 0o

Oko1 000001 00* DOI O Ir* DO(I01) ,er0 01 DO O
erddl  DO(iD1) OO0

U Ooodir
010000k 00 0o
[
o
OkO1 00001 00* Ie*0@01) ,er001 DO Derd 01 DO0L) OO0,

[] 00 0 Olr 01 O

010000k 00 HiN
U
Put a; 011"t M 227t e1,(ponon, where e1(pono is a (p r) -dimensional vector of the form

(1,0,01,0) , and [J11 is the positive number such that ai[Jas: [11. There exists a

(PONO(EOT orthogonal ~ matrix Hz  such that Hxa: Put
e, (pono1 .

Ol 00
H 0o H22 (o . Then for matrix H , we have
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(I O(HM))c2 T (I DH)(1 TOM)c2

OOHO

oko1 \ 00 100*Ir*0(3i01) er0 01 DOi Derd 01
DO(i01) OO0

O 000 OO0
i01 OOHOkOo Oo
0o
0oo
0
OkO1 01 00*HOOI O Ir* HO O@i01) ,er001 D HOOi Der00l
DHOO(®D1) 000

[] 00 o dle

101 Op00k Do Uo
[
oo
kOl 00100 * | * e MO1H e M
O1H [

I [

"ooRto ‘ r i Or O(inl) 17,(por)ol 22 220 0i(2) 0 17,(par)ol 22 220
(i01)(2) 0101 000k Do Oo

U0
i
kOl | oo1oo* 030,011 elo,(pOr0L 0i2) D01l
elll,( pUrO10(i01)(2) DOoO

[] O0 0 dkdin
i01 Oo00k Do Oo
]

HININ
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OkO1 0100 Ir* O@i01), er001 Oi Derd0103G01) OO0 O

c2,
] OO0 ooLoi ™
i01 000k 0o (g

[

and this completes the proof.

Lemma 2. Under the hypothesis Hz, the distribution of T * is independent of po and
[1, where po is the common value of pi,p2, [, pk.

Proof. It is clear that the distribution of T * is independent of po.

Put W [J (XOpo) [ J, where J is the vector of k 1°s. To arbitrary positive definite real matrix
(1, there exists lower triangular non-singular matrix M with positive diagonal elements
satisfying MOM[I [0 1 p. Let H be the orthogonal matrix which satisfies the part (b) of lemma
1. Then

T OIW 00s(W,co) |’ OIIW O 0s (W,c2) [
O O (HM )W O Onmsmono (1D (HMO))W,(1 0 (HM ))co) |[Prmsmonn

O)(1 g (HM )W O Onrmsmono (1D (HM )W, (1 O (HM))c2) ||2HMSMDHD.
Put
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Then by lemma 1, we have

T 0| Z00s(Z,0) |)Ps* || Z O0s (Z,62) |°s* .

By their definitions, S™ and Z1,[1,Zx are mutually independent, S* and Z; distributed as W,
(nCJk, 1p) and N p (0,ni?* 1), i 011,00,k , respectively. This completes the proof. |

Suppose that
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where I, is the rJr identity matrix and An is a (p Cr)C(p [Jr) nonsingular matrix defined by
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Itis clear that if r [J O, then Fy is given in lemma 6 of Bazyari and Chinipardaz
(2012).
Now, we have the following main theorem.
Theorem 2. For the real number ty depending on the significance level [,
00 supsup Puo(T O to) O Pop (T O to).
] Ho
Proof. It is completely clear that T T *. Then by lemma 2, we get that
00 supsup Pu,o(T O to) D sup Po,m_(T 0 to)
O HO O
9)
0 sup PO,(T* O t0)) O PO,Ip (T * O t0).
U
On the other hand, we show that
[0 supsup Pu,o(T O to) O Poup (T 70 to).
N Ho
Using the lemmas 7 and 8 given in Bazyari and Chinipardaz (2012), it is easy to show that
PO,0In (T 0 t0) 0 PO,Ip Of| X 010IS (X,c0) ||2S [,
where On O (FaOFn)™L. Also

limPO,Cn (T 0 t1) 0 lim 001 PO,Ip 1] X 010S (X,c0) |28 0t ni] n
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[ Pop 0| Js (X,c2) O X |’s O toll

0 Poup OT " 0)|0s (X,¢0) O X |I%s Oto O to O
0 PO,Ip (T * O t0),
since ||s (X,co) U X|f%s [ 0. So that
(100 supsup Pu,o(T O to) O supE’o,m(T 0 tn)
0 HO 0 (10)

T limOI0P0, 0N (T 0 t1) 0 PO,Ip (T 0 t). n
From (9) and (10) the proof of theorem is complete.

Therefore to compute the critical values of the test statistic it is enough to obtain that of T~
when pJO and (101 .

The critical values

In this section, the critical values of the test statistic T are estimated by Monte Carlo
simulation method. To obtain these values, by theorem 2, we only need to obtain that

of T “when pJ0 and [J [J I . In this simulation, we generate n(1(1n; sets of

i1

pCivariate normal vectors from Np (0,1) and compute the statistic T . This computation is
repeated 10000 times to get an estimated upper [J point of T *. We further repeat this process
10 times and compute the average of the 10 estimated upper [J point for (10 0.01,0.025,0.05,
(pO3kI4rdl),(pU4kdbdbrao?2),(pobkodrdld),andnO5,10,15, 20, 25, i
11,2,00,k , respectively. The estimated critical values are given in Table 2. Also the critical
values of test statistic are estimated when the sample sizes are different. The estimated critical
values are given in Table 3.
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Table 2. Estimated critical values of test statistic by simulation when the sample sizes
are identical

1 2 k nn
5 10 15 20 25 b n
2.381 1.160 0.742 0.273

p k r
001 3 4 1 2.734

0.547 0623 0.352 0.335 0.071

4 5 2 2916 1049 0825 0.535 0414

5 4 3 1250 0.635 0.341 0.251 0.123
0.025 3 4 1 1.687 1216 0.732 0.418 0.084

4 5 2 1.662 0.841 0.615 0.416 0.240

5 4 3 0.631 0.452 0.243 0.142 0.046
0.05 3 4 1 1.120 0.667 0.395 0.223 0.055

4 5 2

5 4 3

0.346 0.381 0.187 0.065 0.026

Table 3. Estimated critical values of test statistic by simulation when the sample sizes
are different

0 p k r ni n2 n3 na Ns Critical
value

0.01 3 4 1 8 12 11 18 4.012
10 14 20 15 3.209

16 20 12 18 2.544

4 5 2 17 18 15 14 10 2112

22 21 13 20 1.730

23 21 14 20 1.275

5 4 3 15 18 16 31 1.015

23 28 17 21 0.883

26 19 29 25 0.441

0.025 3 4 1 8 12 11 18 3.725
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10 14 20 15 2.850

16 20 12 18 2.152

4 5 2 17 18 15 14 10 2.006
22 21 13 20 1.429

23 21 14 20 0.803

5 4 3 15 18 16 31 0.425
23 28 17 21 0.081

26 19 29 25 0.036

005 3 4 1 8 12 11 18 3.452
10 14 20 15 2.840

16 20 12 18 2.573

4 5 2 17 18 15 14 10 1.861
22 21 13 20 1.200

23 21 14 20 0.723

5 4 3 15 18 16 31 0.395
23 28 17 21 0.074

26 19 29 25 0.024

An example

The problem we are considering comes from Dietz (1989). Vinylidene fluoride is suspected of
causing liver damage. An experiment was carried out to evaluate its effects. Four groups of 10
male Fischer-344 rats received, by inhalation exposure, one of several dosages of vinylidene
fluoride. Among the response variables measured on the rats were three serum enzymes: SDH,
SGPOT, and SGPT. It is known in the scientific considerations that the response level of the
enzyme SDH would not be affected by the dosage levels of vinylidene fluoride and the
responses of the other two enzymes would be affected monotonically. The data are given in
Table 4. Let Xij [ (Xij1, Xij2, Xij3)[] denote the observations on the three enzymes for j th subject

(j 01,01,10) in treatment i(i 01,00,4). Let Ui denote the mean response for i treatment (i.e.
dose) and k™ variable and let pi O (D1i, 02,05 )0 for i 01,0,4.

Suppose that we define plJiq) O 01 and pli) O (C2i,03i ). Now, one formulation of the null
and alternative hypothesis is
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HO :nl1(1) Op2(1) OO0 0p4(1),01(2) Op2(2) 00 0p4(2),
against all alternative hypotheses on the four mean vectors for significance level

00 0.05.

Table 4. Serum enzyme levels in rats

Dosage 1 2 3 4 5 6 7 8 9 10

18 27 16 21 26 22 17 27 26 27
Rat within dosage Enzyme

0SDH SGPOT 101 103 90 98 101 92 123 105
88 SGPT 65 67 52 58 64 60 66 63 68

1500SDH 25 21 24 19 21 22 20 25 24 27
SGPOT 113 99 102 144 109 135 100 95 89
SGPT 65 63 70 73 67 66 58 53 58 65

5000SDH 22 21 22 30 25 21 29 22 24 21
SGPOT 88 95 104 92 103 96 100 122 102
SGPT 54 56 71 59 61 57 61 59 63 61

15000SDH 31 26 28 24 33 23 27 24 28 29
SGPOT 104 123 105 98 167 111 130 93 99

SGPT 57 61 54 56 45 49 57 51 51 48

From the data, we have
[122.7 22.8 27.3 27.3 0 X[J”99.3 108.4 100.9 112.9".
U U
[1061.9 63.8 60.2 52900

92

56

98

107

99

Then by iterative algorithm to compute multivariate isotonic regression given by Sasabuchi et

al. (1992), under the closed convex cone co the estimate of p is

[126.75 26.75 26.75 26.75) p~ (1799.3 102.4 108.8 114.2",
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U U

1061.90 65.3 66.03 68.1 10
and under the closed convex cone cz the estimate of p is
[126.75 26.75 26.75 26.7501 p " 17122 129.7 129.7 140.2 7,
0 0

[1065.33 65.33 65.33 65.33000J

So that

00 4.05 0J3.95 0.55 0.55
XOp 070 6 079 013",
N 1.5 [15.83 0
[115.2010]
O0p0

and

(101 4.05(13.95 0.55 0.55 [J

XOp~0"0227021.3 0288  027.3°.
O 153 [15.13 O
112.4300

0pn03.43

The sample mean variance covariance matrix and its inverse are

13.80 11.021 O

47.98 100078 93.347", 1,1.888551e-004
S 1713.80 U Also the value of test statistic
93347 109.660101T * s
0
04
0p01.021
6.153974e-006 0.00018885506 [ 1.007236e-004 -
and 0.00008568268".
]
[12.084652e-002 S™* _g 5682686-005 0.00919379028 1]
1176.153974e-006
4 0
]
T 0¥ 0 Ot i)OSPEOXG Opt i) 00K Op™i)0S™H (X Op™ )0 1 4.887.
Oid1 10l ]
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Since at significance level 0 0.05, T" [ 0.667, therefore we reject the null hypothesis.

CONCLUDING REMARKS

Bazyari and Chinipardaz (2012) considered the problem of testing order restriction of mean
vectors against all possible alternatives based on a sample from several p(1 dimensional normal
distributions. They obtained a test statistic and also presented Monte Carlo simulation to
estimate its critical values. In this article, the general form for this problem of testing is
considered. In fact, this paper did numerical study based on the claim that the tail probability
of a proposed test statistic T for testing order restricted null hypothesis can be simplified by
another simpler statistic T *. We proposed a test statistic by likelihood ratio method based on
orthogonal projections on the closed convex cones. Monte Carlo simulation is used to obtain
the critical values of test statistic. We also applied this test to a real example where this
hypothesis problem arises to evaluate the effect of Vinylidene fluoride on liver damage. For
computing the test statistic in numerical example the estimation of unknown parameter vector
is done by the iterative algorithm proposed by Sasabuchi et al. (1983).
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