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ABSTRACT: The description of a solid at a microscopic level is complex, involving the
interaction of a huge number of its constituents, such as ions or electrons. The Hubbard model
used in this research describes interacting electrons in narrow energy bands, with application to
problems as diverse as high — Tc superconductivity, band magnetism and the metal-insulator
transition. This research seeks to solve one of the most challenging problems in Theoretical
physics which is to describe electronic correlations. In this research the t — U Hubbard model is
used to solve analytically and numerically using the exact diagonalization techniquesThis research
work focused on the spin interaction and magnetic behavior of some systems and it is therefore an
investigation into the various phenomena seen in the phase diagram of ferromagnetic systems. We
studied the 2 electrons on 2 sites, 2 electrons on 3 sites and 2 electrons on 4 sites all in One-
Dimension (1-D), where the onsite coulomb repulsion, U, and the hopping matrix element, t, were
varies to determine their magnetic phase diagram.This results obtained shows that, as the values
of the onsite coulomb repulsion, U, increases in all the lattice systems studied, the electronic
correlation that favours ferromagnetism gets stronger, but there were no clear transition, and at
some point the lattices loss its antiferromagnetic properties, hence the instability of
ferromagnetism were established. It was also observed that as the hopping matrix element, t,
increases the electronic correlation that favours ferromagnetism get stronger and the lattice
begins to loss antiferromagnetic properties but beyond the transition point the lattice began to
gain a much stronger antiferromagnetism, hence the ferromagnetism is unstable.

KEYWORDS: Ferromagnetism, Antiferromagnetism, Singlet State, Triplet State, Hubbard
Model

INTRODUCTION

Magnetic phenomena have been known and exploited for many centuries. The earliest experiences
with the magnetism involved Magnetite, the only material that occurs naturally in a magnetic state.
The Hubbard Hamiltonian offers the simplest insight on how the interactions between electrons
give rise to insulating, magnetic, and even novel superconducting effects in a solid. It was written
down (Gutzwiller, 1963; Kanamori, 1963; Hubbard, 1963; Sherman 2020; Zhuo et al 2020) in the
early 1960’s and initially applied to the behavior of the transition — metal monoxides (FeO, NiO,
Co0), compounds which are anti-ferromagnetic insulators, yet had been predicted to be metallic
by methods which treat strong interactions less carefully.

Over the intervening years, it has been applied to many systems, from ‘heavy fermions’ and the
Cerium volume collapse transition in the 1980’s, to high temperature superconductors in the
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1990’s. Indeed, it is an amazing feature of the Hubbard Hamiltonian that, despite its simplicity, it
exhibits behavior relevant to many of the most subtle and beautiful properties of solid state
systems. We focus here for the most part on the Hubbard Hamiltonian with variants like that allows
us to introduce other fundamental concepts in many — body physics, such as the competition
between magnetic order and singlet formation. Randomness can be simply introduced into the
Hubbard Hamiltonian, so it can be used as a starting point for investigations of the interplay of
interactions and disorder in metal — insulator transitions and, recently, many-body localization.

It has been studied by the full range of analytic techniques developed by the condensed — matter
community, from static mean — field approaches and the much richer dynamical mean — field
theory, to diagrammatic approaches of various degrees of sophistication (the random phase
approximation and parquet approach), as well as expansions in the degeneracy of the number of
‘flavors’ (spin, orbital angular momentum). It has also been extensively attacked with numerical
methods like quantum Monte Carlo (QMC) but results on Exact Diagonalization (ED) (which we
will outline here) are scarce. The aim of this research is to investigate the Hubbard Model and
observe the effect of magnetic ground state properties. The objectives of this work are to: elucidate
the nature of the ground state and the magnetic properties of the Hubbard Model; determine the
effect of the Hamiltonian matrix parameters on electrons interacting in 1-D; demonstrate the role
of onsite coulomb repulsion U, and the hopping matrix element t in the Hamiltonian matrix and to
investigate the parameter range giving rise to the ferromagnetic phases.

2.0 MODEL AND METHODOLOGY
The single — band Hubbard model (Hubbard, 1963) was originally introduced as a model for
ferromagnetism of itinerant electrons. The model is given by

= —tZ(c“;ra éjg+H.c.)+Uz A Ay 2.1)

where c“;ra (c;s) creates (annihilates) an electron with spin o =1,1, 7;; = cfa Cis IS the number

operator, and (ij) denotes nearest neighbors. This is the simplest possible correlation model for
electrons on a lattice. However, rigorous evidence for itinerant ferromagnetism in this model is
very limited. One of the most important results is Nagaoka’s theorem, (Nagaoka, 1966) which
states that if the Hubbard repulsion U, is infinite, the ground state has maximum total spin on
certain lattices in the case of precisely one hole. The physical mechanism behind Nagaoka’s
theorem is the following. If U = oo the ground state of (2.1) is macroscopically degenerate. This
degeneracy is lifted by the motion of the hole since it is energetically favorable for it to move
in a background of fully aligned spins (provided the lattice allows for motion of the hole around
loops). A simpler proof of Nagaoka’s theorem was later given by Tasaki (1989) who also showed
that additional density-dependent interactions do not alter this result.

Several other mechanisms leading to ferromagnetism in the Hubbard model have been discussed
since then. Lieb (1989) proved that the ground state is ferromagnetic for bipartite lattices with
different numbers of sites in each sublattice. Mielke (1991) and Tasaki (1992) proved the stability
of ferromagnetism for special lattices with flat bands.
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Recently, Muller — Hartmann (1995) studied ferromagnetism at low particle density in dimension
d=1. He included next-nearest- neighbor hopping in such a way that the band has two minima. At
low density, the on-site repulsion U generates a ferromagnetic exchange coupling between
particles in these two pockets. Clearly, it is still a long way to a true understanding of itinerant
ferromagnetism in solids. It is quite obvious that the single-band Hubbard model is not a generic
model for ferromagnetism. So far, either the assumption of a special kind of hopping or of U =
oo or both, was necessary to prove the stability of ferromagnetism.

The method of solution used in this work is the Exact Diagonalization (ED) technique. The ED
technique is based upon the representation of the effective action by an impurity model with a
finite number of sites. The approximate Hamiltonian can only produce limited forms of the
Hamiltonian H, but it can be diagonalized exactly if there are not too many sites: the Hamiltonian
is rewritten as a matrix connecting different many particles states, and all the eigenvalues and
eigenvectors found (Carter, 2004). From these the interacting wave-function can be constructed
using the eigenvector corresponding to the singlet and triplet states energies by means of Lehmann
representation (Mahan, 2000). To obtain the eigenvalue and eigenvector of the lattice system, the
matrix elements were evaluated with the help of an analytical diagonalization routine provided by
Wolfram Mathematica 12.0 software. Having obtained the results of the eigensystems, the lowest
of the eigenvalues provides the ground state energy of the system. To obtain the wave-function,
the corresponding eigenvector to the eigen value is used.

3.0 RESULTS

3.1 CALCULATIONS FOR 2 ELECTRONS ON A 2SITE LATTICE SYSTEM (1-D)

Considering a system of two interacting electrons on two sites.

| j —

Fig 1.1a: Two electrons on two sites i and | Fig 1.1b: Cyclic lattice, to avoid
edge effect

Periodic boundary condition is imposed to avoid edge effect, giving rise to a cyclic lattice.
The possible electronic states of 2 electrons on 2 sites are 6.
Generating the states we have:

D=[T1d) [2)=[2124) [3)=[tT2]) [4)=[1y2T) [5)=[1T27) |6)=[td2]).

From the (2.1), the expanded Hamiltonian is given by:

H=-t(C;C ,+C ,Cy+CiC., +C, C ) FU(CiC,iCiC +CiCiCry Cry ) BD)

i+t i+1T i i+ i+ il
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Using the basis electronic states to act on the Hamiltonian, the summary of the interaction is
given by:
H|1) =t|4)—t|3)+U 1) H|2)=~t[3)+t|4)+U|2) H[3)=—t|2)-t|1)

H|4)=tj1)+t[2) H[5)=0, H|6)=0 (32)

Therefore the matrix representation of the entire Hamiltonian in this basis becomes:

u 0 -t t 0 O

0O U -t t 0 O

_J-t -t 0 0 0 O

H=9¢ ¢ 0 00 o0 (3.3)
LO 0 0 0 O OJ

0 0 0 0 0 O
For the singlet state we hav
u 0 -t t
_JO0 U -t t

=2t —t 0 o (3.4

t t 0 O

To obtain the eigenvector corresponding the minimum energy, we solve for X in the equation
(H;— M)X =0 (3.5)

Where 4 = Eg = Minimum energy or ground state energy, | = Identity Matrix and Hij =
Hamiltonian Matrix

Hence (3.4) becomes

U—12 0 —t t X1 0
0 U—-—1 —t t X(_)O0
—t -t 0-1 0 X3( )0 (36)
t t 0 0-A) \X, 0
U—-2 0 —t t
o 0 U—-21 -t t
Hij— Al _ —t 0-2 0 (3.7)
t t 0 0—-4
The Eigenvalues are
{18.4659, 15.0000, -3.46586, 0} (3.8)

The ground state energy is;
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E, = —3.46586 (3.9)

The corresponding ground state amplitudes for the singlet states are
lp)s = {-0.433232|1 T 1 1)-0.433232|2 T 2 1) -1.00000|1 T 2 {) +1.00000|1 1 1 T)  (3.10)

For the triplet state we have:

_ (0 0
H= {0 0} (3.11)
The ground state energy is;
Et=0 (3.12)

3.2 CACULATION FOR 2 ELECTRONS ON3SITES LATTICE SYSTEM (1-D)

The number of possible electronic states for 2 electrons on 3 sites lattice is 15, and, the results of
the interaction on using the 15 basis electronic states to act on the Hamiltonian are summarized
in (3.15)

U 0 0 -t t 0 0 0 0 O 0 0 O 0 0
o v o0 -t t O O -t t O O 0 0 0 O
o o v o O O O -t t O O 0 o0 o0 O
-t -t O 0 0 -t 0 0 0 O 0 0 O 0 0
t t 0 o0 o O -t 0 0O o0 O O o0 0 O
0 0O 0 -t O 0 0O -t 0 0 0 0 O 0 0
0 0 O 0 -t O 0 0 -t O 0 0 O 0 0
H=<0 -t -t 0 0 -t 0 0 O O O O 0 0 0, (312
0 t t 0 0 0 -t O 0 O 0 0 O 0 0
0 0 O 0 0 0 0 0 0 O 0 -t 0 0 0
0 0 O 0 0 0 0 0 0 O 0 0 -t O 0
0 0 O 0 0 0 0 0 0 -t O 0O 0 -t 0
0 0 O 0 0 0 0 0 O 0 -t 0 O 0 -t
0 0 O 0 0 0 0 0 0 O 0 -t 0 0 0
\ 0 0 O 0 0 0 0 0 0 O 0 0 -t 0 0~
For the singlet state we have:
‘U 0 0 -t t 0 0 0 03
O U 0 -t t 0 0 -t t
O o0 U o0 o0 0 0 -t t
-t -t O 0O 0 -t O 0 0
H=<t ¢t 0 0 0 0 -t 0 0 (3.13)
0 O 0 -t O 0 0 -t 0
0 O 0 0 -t O 0 0 -t
O -t -t 0 0 -t O 0 0
\0 t t 0 0 0 -t 0 0
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The Eigenvalues are

{5.85169, -5.47651, 3.08945, -2.82843, 2.82843, -2.58945, 0.5, 0.124817, -7.96826 x 107}
(3.14)

The ground state energy for the singlet state is
Es=-5.47651 (3.15)
The corresponding ground state amplitudes are

lp)s = {-0.240343|1 1 1 1) -0.480687|2 1 2 1) -0.240343|3 T 3 1) -0.359104|1 T 2 )
0.359104]1 { 2 1) -0.262287|1 1 3 1) 0.262287|1 L 3 1) -0.359104[2 T 3 1)

+0.359104]2 L 3 1) (3.16)

For the triplet state we have:

( 0 0 -t O 0 0 \
[0 0 0 -t 0 0]
J-t 0 0 0 -t 0 >
m= { 0 -t 0 0 0 -t (3.17)
l\ 0 0 —t 0 0 0 J
0 0 0 -t O 0
The Eigenvalues are:
{-2.82843, -2.82843, 2.82843, -2.82843, 0, 0.} (3.18)

The ground state energy for the triplet state is:
Ei=-2.82843 (3.19)
The corresponding ground state amplitudes are

|}, = {1.00000|1 | 2 L) +1.41421]|1 { 3 1) +1.00000[2 4 3 1)} (3.20)

CACULATION FOR 2 ELECTRONS ON 4 SITES LATTICE SYSTEM (1-D)

The number of possible electronic states for 2 electrons on 3 sites lattice is 28 and results of the
interaction on using the 15 basis electronic states (3) to act on the Hamiltonian matrix
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(3.21)

The Eigenvalues are:

{3.40077,—3.09956, 2.45426,—2.23607,2.23607,—2.05347,1.42794, 1.18687,

— 0.999999, —0.80919, 0.5,0.099211,

—1.10683,1.00000,

(3.22)

—2.33279 x 10716,7.26911 x 10718}

The ground state energy is:

(3.23)

-3.09956

Es:

The corresponding ground state amplitudes are

{-0.124514]1 1 1 1) -0.328902|2 1 2 1) -0.328902(3 1 3 1)

lp)s =

-0.124514|4 7 4 1) -0.224098|1 T 2 1) +0.224098|1 | 2 T)

-0.241189|1 T 3 1) +0.241189|1 | 3 1) -0.155628|1 1 4 1)

+0.155628|1 | 4 1) -0.367853|2 T 3 1) +0.367853|2 | 3 1)

(3.24)

-0.241189|2 1 4 1) +0.241189|2 | 4 1) -0.224098 +0.224098|3 | 4 1)}
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For the triplet state we have:
The Eigenvalues are:
{-2.23607, -2.23607, 2.23607, 2.23607,-1,-1,1,1,0,0,0,0} (3.25)
The ground state energy is:
E: = -2.23607 (3.26)
The corresponding ground state amplitudes are
lp), = {1.00000|1 | 2 1) +2.23607|1 | 3 L) +2.00000|1 ! 4 !)

+2.00000]2 ! 3 1) +2.23607|2 L 4 1) +1.00000|3 | 4 1) (3.27)
PRESENTATION AND DISCUSSION OF RESULTS

Identifying the origin of itinerant ferromagnetism in metals and specifying simple models
inhibiting it are two of the most intriguing and long-standing problems in theoretical Physics. It is
important to note that the 1-D results of the Hubbard model are available but the present calculation
is the first where the Exact-Diagonalization (ED) technique had been applied with graphical

representation using Mathematica 12.0 software to solve the Hamiltonian matrix.

Using the eigenvalue solution of the matrix form of the Hamiltonian will yield the total energy
which is the energy spectrum of that system and the lowest of them is the ground state energy of
the system. This follows that the condition to produce a ferromagnetism phase is that the lowest
energy of the triplet state, Et must be smaller than that of the singlet state, Es i.e. E: < Es (Amadon
and Hirsch, 1996). If the singlet state provide the lowest energy then the system will be
antiferromagnetic (i.e. zero spin polarization), while it will be ferromagnetic (i.e. full polarization)

if the triplet state provide the ground state energy.

The value at which E¢ = Es give rise to a transition from antiferromagnetic phase to a magnetic
phase or vice-versa. The point is called the transition point, T,. However the magnetic phase
transition from antiferromagnetism to ferromagnetism is expected to occur when E¢ ~ Es (Moller
and Wolfle, 1993). The electronic spin configuration of the antiferromagnetism and
ferromagnetism has direct comparison with the experimental Metallic and Insulating phase, where
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a phase transition occurs from antiferromagnetism to ferromagnetism theoretically is equivalent to

metal to insulation transition (MIT) or Mott transition.

The discussion of results are organized as follows: in section 4.2, the system of 2 electrons on 2-
sites were discussed; section 4.3 discussed the system of 2 electrons on 3-sites; while section 4.4

discussed the system of 2 electrons on 4-sites.

RESULTS FOR THE SYSTEM OF 2 ELECTRONS ON 2-SITES

0 ]
30 45 60 75 100 125 150

— g

Fig 4.1a: Graph of Singlet (Es) and Triplet (E:) state energies against U for system of 2 electrons
on 2 sites.

Fig 4.1b: Graph of Singlet (Es) and Triplet (E) state energies against t for system of 2 electrons
on 2 sites.
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Discussion of the Results of 2 Electrons on 2 Site System

From computations, we observed, from figure 4.1a that as the values of the on-site interactions
strength, U, increased from -60, the electronic correlation that favours ferromagnetism get stronger
and the lattice begins to loss antiferromagnetic properties until point 150, which is the transition
point Tp (Et=Es). And beyond this point there was no clear transition, hence the ferromagnetism is

unstable. This is not in agreement with the Nagaoka’s theorem.

Also it was observed from figure 4.1b that as the value of the hoping term, t increased from -100,
the electronic correlation that favours ferromagnetism get stronger and the lattice begins to loss
antiferromagnetic properties until point O which is the transition point Tp (E:=Es). Beyond this
point the lattice began to gain a much stronger antiferromagnetism, hence the ferromagnetism is

unstable.

The results obtained in this research are in agreement with the results obtained by Koma and Tasaki
(1992), in their work on the Hubbard model in One Dimension where the finite range hopping
(t = o) rules out long range spin-order or superconductivity at finite temperature (t - o). This
also confirmed that any lattice model with U(1) symmetry in 1-D cannot have superconductivity
or magnetic long range as t — co.

However this result is not in agreement with the Nagaoka’s theorem.
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RESULTS FOR THE SYSTEM OF 2 ELECTRONS ON 3-SITES

-16
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U

—

Fig 4.2a: Graph of Singlet (Es) and Triplet (E:) state energies against U for system of 2 electrons

on 3 sites.

-120

-140

-160

Fig 4.2b: Graph of Singlet (Es) and Triplet (E:) state energies against t for system of 2 electrons

on 3 sites.

24



International Journal of Physical Sciences Research
Vol.4, No.1, pp.14-28, December 2020

Published by ECRTD UK

ISSN: Print ISSN 2515-0391, Online ISSN 2515-0405

Discussion of the Results 2 Electrons on 3 Site System

From computations, we observed, from figure 4.2a that as the values of the on-site coulomb
repulsion interaction strength, U, increased from -15.5, the electronic correlation that favours
ferromagnetism get stronger and the lattice begins to loss antiferromagnetic properties until point
800.50, which is the transition point Tp (Es = Et), and beyond this point there was no clear
transition, hence ferromagnetism is unstable.

Also it was observed from figure 4.2b that as the value of the hoping term, t, increased from -40,
the electronic correlation that favours ferromagnetism get stronger and the lattice begins to loss
antiferromagnetic properties until point O which is the transition point Tp (Es = Et). Beyond this
point the lattice began to gain a much stronger antiferromagnetism, hence ferromagnetism is
unstable.

This result agreed with the results obtained by Hohenberg (1967), where he studied

superconductivity / long range crystalline order were derived in one-dimension (1-D).

RESULTS FOR THE SYSTEM OF 2 ELECTRONS ON 4-SITES

0 7]
© X 24 O 14 % 6 % O & & O &©
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Fig 4.4a: Graph of Singlet (Es) and Triplet (E:) state energies against U for system of 2 electrons
on 4 sites.
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Fig 4.3b: Graph of Singlet (Es) and Triplet (E:) state energies against t for system of 2 electrons
on 4 sites.

Discussion of the Results 2 Electrons on 4 Site System

The plot on figure 4.3a shows that as the value of the on-site coulomb repulsion interaction
strength, U, increased from -6.0, the electronic correlation that favours ferromagnetism get
stronger and the lattice begins to loss antiferromagnetic properties until point 100000, which is the
transition point Tp (Es=E:), and beyond this point there was no clear transition, hence the
ferromagnetism is unstable.

The plot on figure 4.3b also shows that as the value of the hoping term, t, increased from -400, the
electronic correlation that favours ferromagnetism get stronger and the lattice begins to loss
antiferromagnetic properties until point O which is the transition point T, (Es=E:). Beyond this
point the lattice began to gain a much stronger antiferromagnetism, hence the ferromagnetism is

unstable.

SUMMARY, CONCLUSION AND RECOMMENDATION

Summary

For all the lattice systems studied in this work, the ground state was always a spin singlet i.e, Es >
E:. Consequently, the singlet state provides the lowest energy in all the lattice systems studied,
hence the result obtained in all the lattice systems studied favours zero spin polarization

(antiferromagnetic). The results shows that increasing the values of t above the transition point
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when other parameters remain constant always resulted in stronger antiferromagnetism; alo

increasing the values U before the transition point when other parameters are constant favors

ferromagnetism as the lattice begins to loss its antiferromagnetic properties.

Conclusion

In this research work the Exact-Diagonalization technique has been employed to provide
information on the behavior of two interacting electrons on two sites, two interacting electrons on
three sites and two interacting electrons on four sites all in one-dimensional lattice system (1-D)
The features of the Hubbard model as far as considered here are peculiar to the

One-Dimensional model. Although the Hubbard model was proposed in the middle of the last
century, and solved for the 1-D case back in 1968, it still offers numerous possibilities for active
research work. It is hoped that this work will contribute to the spread of interest in this model and
its applicability.

Recommendation

We recommend that the One-Dimensional lattice systems with higher number of electrons and
sites be employed to study the Hubbard model. In addition, lattice systems with holes should be

investigated alongside with additional parameters e.g. the extended Hubbard model.
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