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ABSTRACT: We establish the relation between the arcsine law and P(𝜏 ≤ 𝑛), and we prove 

that  𝑆𝑢𝑝𝑡≤𝑁𝐸 
𝑆𝑡

𝑡
→  𝑆𝑢𝑝𝑡≤∞𝐸 

𝑆𝑡

𝑡
   as N → ∞  and the rate of convergence belongs between 

    
1

2(𝑁+1)
 𝐸  |𝑋1|  ∀ 𝑁        and  (1+𝜀 ) 

2

𝑁
3
4

  for arbitrary 𝜀 > 0, N> 𝑁𝜀     .                                                                                                                                                   
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INTRODUCTION                                                          

In (Chow, Y.S., Robbins, H., 1965) the existence of an optimal stopping time for 
𝑆𝑡

𝑡
  was 

proved. The case P(t=∞) was considered by Klass, M, J (1973) .   In (Lai, T., L., and 

Yao, Y.C., 2005) it was proved that: 0 ≤ V(x, n) - VN (x, n)  ≤ 
bN

N
  ≤ 

0,83992

√N
 where 

V(x,n) =  Supt∈T E(
x+St

n+t
 ), T is the set of all stopping times, VN(x,n) is the value function 

of the finite horizon problem, moreover, authors give the formula: 0 ≤ V(x,n) - VN (x, 

n) ≤ 
bN

N
 . P(x+𝑆𝑘 < bn+k, k= 1,…, (N-n), but the value of P was not given and there 

was not result for the case of x = 0, n = 0. 

In this work, by the structure of the optimal stopping time, the relation between the 

arcsine law and P(𝜏 ≤ 𝑛) , we have the following results: 

a)  Supt≤∞ E 
𝑆𝑡

𝑡
  =   limN→∞Supt≤N E 

St

t
 ,  

b) Supt≤∞ E 
St

t
  -   Supt≤NE 

St

t
   ≤ (1+ ε )  

2

N3/4 , for arbitrary  𝜀 > 0 and N> Nε.                                                                                        

c) Supt≤∞E
St

t
  -  Supt≤NE

St

t
   ≥  

E| X1|

2(N+1)
 .          ∀ N. 
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2) ( VN+1- VN )  and V =   V∞.     

Let  Xi   i = 1, 2,… be independent identically distributed (i. i. d) random variables 

having EXi = 0, VarXi  = 1. Let Sn=  X1+ X2+ …. + Xn. We suppose that Fn  is the σ- 

algebra generated by X1,…,Xn ,     t  is a stopping time related to (Fn, n= 1, 2, …), T is 

the set of all stopping times,  TN  is the set of stopping times such that t ≤ N.  A 

stopping time 𝜏 ∈ TN is said to be optimal in TN  if:  

E 
Sτ

τ
 = Supt∈TN  E 

St

t
 .    

 (2.1)                         

In all this work we put:  

V = Supt≤∞ E 
St

t
  ,  VN =  Supt≤N E 

St

t
  , V∞= LimN→∞VN.     (2.1a) 

 

THEOREM (2.1)                                                                                                                                                            

Suppose that  𝜏 is optimal in TN+1, μ  is  optimal in  TN then:  

E 
Sτ

τ
 - E 

Sμ

μ
 ≤ ∫

−SN

(N+1)N∆N+1
 dP, ∆N+1 = {τ = N+1}.   (2.2)                                                          

 

PROOF                                                                                                                                                                                     

We construct the stopping t ∈ TN such that : 

{t=n} = {𝜏 = n}, n = 1, 2, … (N-1), {t=N} = RN\ ∑ {τ = n}N−1
1 , 

hence we have: 

E 
𝑆𝜏

𝜏
 - E 

𝑆𝑡

𝑡
  =∫  

XN+1

(N+1){τ=N+1}
   dP - ∫   

SN

(N+1)N{τ=N+1}
    dP ,   (2.3) 

{𝜏= N+1} is a cylinder in RN+1: 

{𝜏 = N+1} = {RN\∑ {τ = n}N
1  } × {- ∞ ≤  XN+1 ≤ +∞}  then  ∫

𝑋𝑁+1

(𝑁+1){𝜏=𝑁+1}
  dP = 

∫ … ∫ .
.

{𝑅𝑁\ ∑ (𝜏=𝑛)}𝑁
1

  dPX1
…  dP𝑋𝑁

× ∫
XN+1

(N+1)

+∞

−∞
dPXN+1

= 0 .(Loe`ve, M., 1960. 

Chapters 2, 5, 7) (Neveu, J., 1964 Chapter 3) 

By (2.3) and by μ is optimal in TN  the proof is complete.                               

 

THEOREM (2.2) 
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                                                  V =  V∞.      (2.4)   

                                                                                                                                                                          

PROOF                                                                                                                                                                  

Suppose (2.4) is not true then there exists a stopping time 𝜏 such that: 

E 
𝑆𝜏

𝜏
 =  ∑ ∫

𝑆𝑛

𝑛{𝜏=𝑛}
∞
1    dP   >   V∞+   𝜀  .          𝜀  >  0    (2.5) 

We construct a stopping time  𝜌 ≤  N such that: 

{𝜌 = n} = {𝜏 = n}, n = 1, 2, … , (N-1),  {ρ = N}  = R N \  U1
N−1{τ = n}  and we have:  

E 
𝑆𝜏

𝜏
  ≤  E  

𝑆𝜌

𝜌
  +|∫

𝑆𝑁

𝑁{𝜌=𝑁}
 dP |   +   ∑ .∞

𝑁   ∫ .
{𝜏=𝑛}

  
𝑆𝑛

𝑛
 dP.   

By the strong law of large numbers and by the Fatou- Lebesgue`s theorem there exists 

a number  𝑁𝜀  such that for N ≥ 𝑁𝜀 we obtain: 

             E 
𝑆𝜏

𝜏
  ≤    V∞ +  

𝜀

4
   +   

𝜀

4
  .          (2.6)                                                           

(2.6) contradicts (2.5) and the proof is complete. 

 

3). Relation between the arcsine law and P (𝜏 ≤ 𝑛), the rate of convergence. 

3.1. Let Xi  i = 1, 2, … be (i.i.d) random variables having continuous, symmetric 

distribution with  

EXi = 0, Var Xi = 1. Let S𝑛=  𝑋1+ X2+ … + Xn. 

Let  K be the random variable defined by: 

{K = k}={KN = k} ={ Sk > S0  , …  , Sk > S𝑘−1, Sk ≥ Sk+1,… , Sk ≥ SN}, k = 0,1,...,N. 

(S0=0)      (3.1)            Let the arcsine law: 𝑙𝑖𝑚𝑛→∞ P(K < 𝑛𝛼 ) = 
2

𝜋
 arcsin√𝛼 , 0<

𝛼 < 1, 𝛼 = const. (Feller, W., Vol. II, Chapter XII, 1966).                                                                                                              

 

THEOREM (3.1) 

Let τ be the optimal stopping time inTN, 

a) If there exists (𝜏 = m) then: P (τ ≤ m) ≥  P (1 ≤ K ≤ m).     1 < m <  

N.         (3.2) 
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b)  P(𝜏 > m) ≤ P (K> m) + P( S1 ≤ 0; …; SN ≤ 0).      0 ≤ m ≤ N-1.   

             (3.3) 

 

PROOF 

By definition and by contradiction it is easy to prove that: { S1; …; S𝑁 } =  RN \ {1≤K 

≤ N} if and only if : S1 ≤ 0; … ; SN  ≤ 0, then :                                                                                                                    

P (1≤K ≤ 𝑁)   +  P ( S1 ≤ 0; …; SN ≤ 0)   =  1                                                                                  

(3.4)                    

By backward induction: (Chow, Y., S., Robbins, H., Siegmund, D., 1971): 

(𝜏= m) = { 
S1

1
 < E(γ2

N/F1); …; 
Sm−1

m−1
< E(γm

N /Fm−1); 
Sm

m
 ≥ E( γm+1

N /Fm) }.   

(3.5)                              

Where γN
N =  

SN

N
 ,    γ𝑛

N  = max {  
S𝑛

𝑛
 ; E (γn+1

N  /Fn},  n  = 1,2,…,(N-1).                                                                                                                                                                    

          (𝜏 = N) = RN\∪1
N−1(τ = n ) .                                                             

(3.5a)        

We define the random variable K∗: 

{K∗= k} = {Sk > 0,  
Sk

k
  ≥ 

Sk+1

k+1
 , …, 

Sk

k
 ≥  

SN

N
  } ,       k=1,2,...,N.   (3.6)                                         

then {K =k}  ∁  {K∗= k}.                                                                                                                                                                                               

On {K∗= k} we have∶
Sk

k
  ≥  γN

N  =  
SN

N
  (by definition) and  

Sk

k
  ≥  γN−1

N  = max( 
SN−1

N−1
 ; 

E(γN
N /FN−1)), (because of  

Sk

k
≥

SN−1

N−1
  and  

Sk

k
  ≥ γN

N).  

Similarly, it can be shown that  
Sk

k
  ≥  γN−2

N  , … , 
Sk

k
  ≥  γk+1

N   and  
Sk

k
 ≥ E ( γk+1

N / Fk),  

hence:  

(K∗ = k) ∁ {
Sk

k
  ≥ E ( γk+1

N /Fk )}.     (3.6a) 

By (3.5): 

     (τ > k) ∁ { 
Sk

k
  < E (γk+1

N  /Fk )}.                                                               

(3.7)                                            

By (3.6a), (3.7): (K∗ =  k) ∩ (τ > k) =  ∅ , k = 1, 2 , … (N-1),  so: 

https://www.eajournals.org/
https://doi.org/10.37745/ejsp.2013


European Journal of Statistics and Probability 

Vol.10, No.1, pp., 1-10, 2021  

                                                      Print ISSN: 2055-0154(Print),  

                                                                      Online ISSN 2055-0162(Online) 

5 
@ECRTD-UK   https://www.eajournals.org/            
 Journal level DOI: https://doi.org/10.37745/ejsp.2013  

    {K=k) ∩ (τ > k ) = ∅, k = 1, 2,…, (N-1),                                                          

  (3.8)                              

hence (K = k) ∁ (𝜏 ≤ k) and  ∪1
𝑚 (K= k)  ∁  ∪1

𝑚  (𝜏 ≤ 𝑘 ) and (3.2) holds.  Finally, by 

(3.2) and (3.4) the proof is complete.     

                                                               

THEOREM (3.2)                                                                                                                                                                        

If  𝜏 is optimal in  TN+1then for an arbitrary 𝜀 > 0 there exists a Nεsuch that:  

         a) P{𝜏 = N + 1}  ≤ 2. 
(2N+1)‼

(2N+2)‼
    ≤ ( 1 + 𝜀 ).

2

√πN
. .  ∀𝜀 > 0, N ≥ Nε .                

(3.9)  

         b) VN+1 - VN ≤ (1+ε).
1,1

N
7
4

 .      ε > 0  N > Nε.                 

(3.10)                                            

         c)    V - VN  ≤  (1+ε ). 
2

N
3
4

 .    ε > 0   N≥ Nε.                

(3.11) 

 

PROOF 

a) By (3.3)   P(𝜏 = N + 1) ≤  P( K= N+1) + P(S1 ≤ 0; …; SN+1 ≤ 0)   . 

 By definition: P(K= N+1) = P ( SN+1 > 0; SN+1 > S1;   …  ; SN+1 > SN ) =  pN+1.   

            (3.12) 

The generating function G (s) of { pn} satisfies:   

Log G(s) =  ∑
𝑠𝑛

𝑛
∞
1   P(𝑆𝑛 >  0) , (Feller, W., Vol. II, Chap XII. 1966), for continuous 

and symmetric distribution  Log G(s) = 
1

2
∑

𝑠𝑛

𝑛
∞
1   then   G(s) = 

1

√1−𝑠
 ;  -1< s<1.  and: 

 pN+1 =  
(2N+1)!!

(2N+2)!!
                  

(3.13) 

 P (𝑆1 ≤ 0; 𝑆2 ≤ 0;…   ;  𝑆𝑁+1 ≤ 0) =  qN+1  

The generating function Q(s) of { qn} satisfies: 

https://www.eajournals.org/
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Q(s) =  ∑
𝑠𝑛

𝑛
∞
1  P(𝑆𝑛 ≤ 0 ) (Feller, W., Vol II, Chapter XII , 1966). For continuous and 

symmetric distribution: 

Q(s) =   
1

√1−𝑠
     -1 < 𝑠  < 1   and   qN+1 =  pN+1.   (3.14) 

By (3.13),(3.14)  we have:  P( 𝜏 = N+1)  ≤  2. 
(2N+1)‼

(2N+2)‼
  . By the Wallis' formula we 

have 

P(𝜏 =  N+1)  ≤   
2

√π(N+1)
  as N → ∞  and (3,9) holds. 

b) If 𝜏 𝑖𝑠  optimal in  TN+1  then by theorem (2.1):   

VN+1 -  VN ≤  
1

(N+1)√N
 ∫

−𝑆𝑁

√𝑁∆𝑁+1
  dP    ∆𝑁+1= {𝜏=N+1}, 

applying  the  Schwarz ′s inequality to the integral  and by (3.9) we have (3,10). 

c) Utilizing (3.10) we have       V - VN = ∑ (∞
N Vn+1- Vn).              N  >   𝑁𝜀                                                                        

                                                    V − VN ≤ 1,1.( 1+𝜀 ).(∫ x
−7

4
∞

𝑁
 dx +  

1

N
7
4

  )  and (3.11) holds 

 

3.2 – Now we consider the case of symmetric Bernoulli' s distribution: P(𝑋1= -1) = 

P(𝑋1= 1) = 
1

2
  .We apply the results of Sparre Andersen, E. and Spitzer., F, (Frank., 

Spitzer, Principles of random walk Chapter IV, 1966). 

Let N𝑛 be the random variable defined by:  N0 = 0, Nn= ∑ 𝜃𝑛
1  (𝑆𝑖) where  𝜃(x) = 1 if 

x ∈ R,  x > 0, and 𝜃(𝑥) = 0 if  x≤ 0 , Si= X1+… + Xi, i= 1,2,…,n. For symmetric 

Bernoulli's distribution Sparre., Andersen, E. proved the following results: 

1)  P(N𝑛 = k ) =  P(N𝑘= k ).P(N𝑛−𝑘= 0)              0≤ k  ≤ n                   

(3.15) 

2) lim
𝑛→∞

√𝑛𝜋 P(N𝑛= 0) = 
1

√𝑐
                           

(3.16) 

3) lim
𝑛→∞

√𝑛𝜋  P(N𝑛 = n) = √𝑐                      

(3.16a) 

https://www.eajournals.org/
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Where c= 𝑒− ∑
𝑃(𝑆𝑘=0)

𝑘
∞
1                                                       

(3.17) 

 

THEOREM (3.1a) 

Let 𝜏 be  the optimal stopping time in T𝑛+1, 

a) If there exists (𝜏 = m),   1< m <n+1  then: 

                                 P(𝜏 ≤ m)  ≥   P( 1 ≤  N𝑛+1 ≤ m )                                                                   

(3.2a) 

b) P(𝜏 = n + 1) ≤ P( N𝑛+1= n+1) + P( N𝑛+1= 0)                                                                             

(3.3a) 

 

PROOF 

By (3.15), (3.1) and by duality  (Feller.,W., Vol II, chapter XII, 1966 ) we have:  

P(K𝑛+1= k) = P(N𝑛+1=  k ); 1≤ k ≤ n+1. In the case of symmetric Bernoulli's 

distribution 𝜏 can be constructed by backward induction, then the proof of (3.2a) is 

like that for the proof of (3.2). By definition: P(N𝑛+1= 0) = P( S1 ≤ 0,…,S𝑛+1 ≤  0 )  

hence  P( 0≤ N𝑛+1 ≤ 𝑛 + 1) = 1  and (3.3a) holds. 

 

EXAMPLE 

If (n+1) =7 then: P(𝜏 =7) = 
30

27,  P( N7=7) = P(K7= 7) =  
20

27 . 

 P( N7 = 0) = 1 - P(1 ≤ K7 ≤ 7) =  
35

27.   P( 𝜏 ≤ 5 ) = 
88

27   >  P( K7 ≤5) = P(1 ≤ N7 ≤ 

5) = 
63

27 . etc. 

By (3.15), (3.16), (3.16a), similarly to the proof of theorem (3.2) we have: 

 

THEOREM (3.2a) 

If 𝜏 is optimal in T𝑛+1  and n→ ∞ then for an arbitrary 𝜀 > 0 there exists a n𝜀 suck 

that: 

https://www.eajournals.org/
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a) P(𝜏 = n+1)  ≤   ( 1+𝜀 ) 
δ2

√πn
                 n >  n𝜀                 

      (3.9a) 

b) V𝑛+1-   V𝑛  ≤  (1+ 𝜀) 
δ

π
1
4n

7
4

                 n >  n𝜀                      

(3.10a) 

c) V - V𝑛  ≤  (1+ 𝜀)   
2𝛿

𝑛
3
4

                  n >  n𝜀                      

(3.11a) 

Where 𝛿2= ( 
1

√𝑐
  +  √𝑐 ), c is given by (3.17). 

 

4) The Lower rate of convergence. 

Let Xi , i = 1, 2, … be independent and identically distributed random variables 

having mean 0 and variance 1. Let Sn =  X1+ …  + Xn,  n = 1, 2, … 

LEMMA (4.1) 

If 𝜏 is optimal in TN then; 

               { S1 < 0, …,  SN  < 0} ∁ { τ= N}                                             

(4,1) 

PROOF                                                                                                                                                                    

By the definition of  𝜏  and by E( γn+1
N / Fn)   ≥ E( 

Sn+1

n+1
 /Fn) , n = 1, 2, …., (N-1)     

then:                           {𝜏  = n} ∁  { 
Sn

n
  ≥  E(γn+1

N / Fn)} ∁ { 
Sn

n
  ≥ E(

𝑆𝑛+1

𝑛+1
 / Fn)} ∁ {𝑆𝑛 ≥

  0},   n = 1, …, (N-1).                                                        

Because of  ∪1
𝑁−1{𝜏 =n} ∁  ∪1

𝑁−1 {𝑆𝑛 ≥ 0} then: 

{𝑆1 < 0, …, 𝑆𝑁 < 0} ∁ {S1 < 0,…,S𝑁−1 < 0 } ∁ { 𝜏 =N} and the proof is complete. 

 

LEMMA (4.2) 

If    DN = { S1 < 0, …  ,SN < 0}   then:                                               

a) ∫
−SN

NDN
  d P    ≥    

1

2N
 E|X1|,   N ≥ 1                    

(4,2) 

https://www.eajournals.org/
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b)  ∫
−SN

NDN
  dP =  

1

2𝑁
 ,   N ≥ 1 for symmetric Bernoulli distribution.   

  (4.3)    

 

PROOF   

𝑎) ∫
−SN

NDN
 dP + ∫

−SN

NCDN
 dP = ∫

−SN

NDN−1
  dP   where  CDN  = ( DN−1\  DN ).  

By SN ≥ 0  on CDN; we have: 

∫
−SN

NDN
 dP    ≥ ∫

−SN

NDN−1
  dP = ∫ E

DN−1
( 

−SN

N
/FN−1) dP = 

N−1

N
 ∫

−SN−1

N−1DN−1
 dP, then: 

∫
−SN

NDN
 dP    ≥    

N−1

N
 × 

N−2

N−1
   × …   ×  

1

2
  E|

X1

2
| . and (4.2) holds 

b) For symmetric Bernoulli distribution: (P{𝑋1=1} = P{ 𝑋1= -1} =  
1

2
 ) ,  on CDN: 

{SN−1 < 0, SN ≥ 0}  then  SN = 0 and ∫
−SN

NCDN
 dP = 0, hence (4.3) holds. 

 

THEOREM (4.1)      

               VN+1- VN  ≥  
1

2(N+1)N
 E|X1|                          ∀  N   ≥ 1   

(4.4)    

PROOF                                                                                                                                                            

Suppose that  𝜏 is optimal in TN+1 and t is optimal in TN, we construct the stopping 

time  𝜇 ∈ TN+1 such that: 

{𝜇  = n} = {t = 𝑛}           if     n = 1, 2, …, (N-1) ,  

{𝜇  =N} = {t = N} \ DN   where     DN ={ S1 < 0, …, SN < 0 }. 

{ μ = N + 1 }  =  RN+1\ ∑ {μ = n}N
1  = DN × RN+1 ∈ FN , 

where FN is a σ - algebra of  Ω = RN+1. 

E 
Sμ

μ
   - E 

St

t
   =      

−1

N+1
  ∫

SN

N(μ=N+1)
 dP + ∫

XN+1

N+1(μ=N+1)
 dP.  

( μ = N + 1)  ∈ FN  then: ∫
XN+1

N+1(μ=N+1)
  dP    =  ∫ E

(μ=N+1)
 ( 

XN+1

N+1
 /FN) dP=  0.                                                                                                                                                                                                                                 

−1

N+1
  ∫

SN

N(μ=N+1)
 dP   =  

−1

N+1
  ∫

SN

NDN
 dPX1

 …. dPXN
  ×∫ dPXN+1

+∞

−∞
 .                                                                                    

By lemma (4.2) and 𝑏𝑦 𝜏 is optimal in TN+1, the proof is complete.                    

https://www.eajournals.org/
https://doi.org/10.37745/ejsp.2013
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THEOREM (4.2)   

                     V    - VN   ≥  
1

2(N+1)
  E|X1|      ∀  N.                   

(4.5)  

PROOF                                                                                                                                                                                       

By theorem (4,1) we have: 

V  − VN ≥ ∑  
1

2(n+1)n
 E|X1|.  ∞

N  ≥   E|X1| ∫
1

2(𝑥+1)𝑥

∞

𝑁
 dx and (4.5) holds. 
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