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Abstract : The model governing the vibration problem of damped isotropic rectangular plate 
resting on Pasternak foundation is a fourth order partial differential equation, which was solved 
by separating the variables using series, which reduces the equation to a second order 
differential equation, and it was solved by employing the central difference scheme of the finite 
deference method. The dynamic effect of viscous damping was investigated. Apart from the fact 
that the results obtained compares well with some standard results, it was found that the 
presence of viscous damping on isotropic plate on Pasternak foundation reduces the possibility 
of resonance and also stabilizes the system. 
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INTRODUCTION 
 
Many structures can be modeled as rectangular plates, like Railway and Highway Bridges, Road 
Pavements e.t.c. because of the safety and maintenance of these structures; many researchers 
have worked and are still working on the dynamic response of plates subjected to moving loads. 
Some of the early works on this very old and ever expanding field of research includes the work 
in [8], which discussed the differential equation relating to the breaking of railway Bridges. In 
[2], [10],[9] and [6] interesting results on the vibration of railway Bridges under moving loads 
are also reported. In [4] it was concluded that the natural frequency of rectangular plates 
traversed by moving concentrated forces is greater than that of plates subjected to moving 
concentrated masses. More recently, studies have been carried out on plates resting on elastic 
foundations. Such studies worthy of note include that of [3]  
 
On the dynamic response to moving concentrated masses of elastic plates on non-Winkler elastic 
foundation. Also in [4] we have study on the dynamic response of plates on Pasternak foundation 
to distributed moving loads, and it was found that the presence of foundation moduli reduces the 
deflection of the plate and that the area of the distribution of the load has significant effect on the 
displacement amplitude. In most of the works the effect of damping on the system was 
neglected. To properly understand the control and dynamic response of vibrating structures to 
moving loads, it is important to carry out objective analyses of the effect of damping on such 
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structures. In most of the early works the effect of damping is either completely neglected or 
poorly discussed. It was recently in [5] that a proper analysis of effect of viscous damping on the 
response of rectangular plate resting on elastic Winkler foundation was carried out. Studies in [1] 
also investigated the dynamic response of damped Orthotropic Plate on elastic foundation to 
dynamic moving Loads. In [5], it was reported that the deflection profile of the plate depends on 
the magnitude of the damping coefficient. The results in [5] also agree in some way with that of 
[1]. Pasternak foundation is a more advanced model than Winkler, so it becomes important to 
extend the works in [5] and [1] to isotropic rectangular plates resting on Pasternak foundation. 
 
MATHEMATICAL MODEL GOVERNING THE PROBLEM 
 The equation governing the problem is given as: �∆����,�, �� + ���,����,�, �� + 2�	�,���,�, �� + 
���,�, �� − �∆����, �, �� = �(�,�, �)     
(1) 
Where �(�,�, �) is the applied moving load given as: 
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(2) ���,�, �� =deflection of the plate ���� = Heaviside step function ���� = Dirac delta function 
 =Foundation � = Shear modulus of Foundation 
∆�= Biharmonic Operator � = Velocity � = Acceleration due to gravity  	 = Coefficient of viscous damping  �� = Mass density per unit area � = Time 

� =
�	�

��(�
�)
  

Where: � =Young’s modulus, � =Poisson’s ratio, ℎ =thickness of plate,  � =Length of load 
The above model was developed under the following assumptions: 
-There is no deformation in the middle plane of the plate, the plane remain neutral during 
bending 
-The small strain in the body is still governed by Hooke's law 
-The load is a distributed time load 
-The plate is resting on Pasternak foundation 
 
SOLUTION PROCEDURE  
The developed model is solved by method of separation of variable. 
Let; ���,�, �� = ∑ ∑ ��
(�)�
(�)��(�)�


��
�
���                 (3) 

We now put (3) into RHS of (1), to have; 
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The equation of motion of the vibrating plate resting on elastic foundation is given as  �∆�� − �∆�� + 
�+����� = 0          (5) 
Where � = ���,�, �� 
Substituting (3) into (5), 
���
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Putting (7) into (4) we have that ∑ ∑ ���
�����
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From (2) 
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Where, 
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LHS of (1) now becomes, 
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Equation (1) reduces to ∑ ∑ ���
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 By substituting (3) into the LHS of (9), integrating both sides along the edges of the plate and 
applying the orthogonality of �
��� � ! �����  (9) becomes 
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Where$� = �� −
�

�
 and $� = �� +

�

�
  

Equation (10) is a coupled differential equation to be solved for some specific boundary 
condition 
 
 
 
 
 Simply Supported Plates 
 
Although equation (10) can be solved for various classical end supports, we focus only 
on simply supported isotropic rectangular plates. 
For simply supported rectangular plate with dimension�� × %�, with the edges condition 
given as: 
 

��0,�, �� = ���,�, �� =
���(�,�,�)

���
=

���(�,�,�)

���
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 ���, 0, �� = ���, %, �� =
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���
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 And the initial conditions are  
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��(�,�,�)

��
= 0  

The normalized deflection curve has obtained in [7] to be: 
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To obtain the Eigen values, we put (11) into (7), to obtain; ��
 = (�)��(�) + �� + 
                     (12) 
 

Where           ) = �
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The exact governing for simply supported isotropic rectangular plate can be obtained by 
substituting (11) into (10) 
Where; * =  + ', + =  − '  
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Equation (13) is for when  ≠ ' while (14) is for when  = ' 
 

RESULTS AND DISCUSION 
 
The above coupled differential equations are solved using numerical scheme, the method 
employed was the central difference approach. The resulting Tri-diagonal matrix was solved 
using MATLAB. The results obtain are shown graphically below, the dynamic effects of viscous 
damping on rectangular plates on Pasternak foundation was considered by varying the 
percentage of viscous damping, and the effect of increase in velocity on a damped system on an 
elastic foundation is also shown below. In figure 1,it was observed that if the damping ratio is 
increased the amplitude is reduced. In figure 2, we have deflection for various velocities, 
velocity depends on damping and higher velocity causes higher mid plate deflection. Figure 3 is 
for different values of the foundation moduli, and we see that increase in foundation moduli 
reduces deflection and there by stabilizing the system. Hence damping can be used to prevent 
build up of amplitude. For comparison sake, the following values are assumed for the 
corresponding parameters; h=0.25m, E=21090000N/m2, 	 =0, 50, 100, G=4, K=20, M=100kg, 
g=9.8m/s2, r=0.5, 1, 1.5, a=10m, b=5m, y1=2.5m, �=0.2, v=5m/s, 10m/s and 15m/s. 
 
 
Figure 1 
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Deflection/time at various damping ratio –o---, 	 =0,--, 	 =50,-, 	 =100 
 
Figure 2 

 
Deflection/time at various velocities –o---- v=5m/s, --, v=10m/s, -,v=15m/s 
 
 
 
Figure 3 

 
Deflection/time at various values of G and K.   ---------G=0, k=0, - - -, G=4,k=20 
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CONCLUSION  
The equation governing the vibration problem of damped isotropic rectangular plate resting on 
Pasternak foundation was solved by reducing the fourth order partial differential equation to a 
coupled second order differential equation. Simply supported boundary condition was 
investigated, the effects of viscous damping on the system was also studied. The presence of 
elastic foundation stabilizes the system, and the possibilities of resonance are greatly reduced.   
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