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ABSTRACT: In this Paper, | propose a New Integral Transform which is still not widely known,
nor used. The aim of the present paper is to investigate the application of the Elzaki Transform
with combination of simple iteration Method for solving the Fokker-Planck equation and some
similar equations. The method can easily be applied to many linear and non-linear Partial
Differential Equations and is capable to reduce the size of computational work. In this approach
the solution is found in the form of a convergent series with easily computed components. To give
overview of Methodology, | have presented several examples in one- and two-dimensional cases.
KEY WORDS: Elzaki Transform, Fokker-Planck Equation, Kolmogorov Equation, Analytical
Solution.

INTRODUCTION

In the last decade, many of new methods were used to solve linear and non-linear partial
differential equations arising from the Mathematical Modelling of problems in Mathematics,
Physics, Engineering and Other various branches of science which have imperative applications
in a real life such as Adomain Decomposition Method (ADM)[1,2], Variational Iteration Method
(VIM) [3], Homotopy Perturbation Method (HPM)[4,5], Homotopy Analysis Method (HAM)
[6,7] , New lterative Method (NIM) [8,9], Differential Transform Method (DTM) [10,11], Laplace
Transform Method (LTM) [12], and Other Methods.

Elzaki Transform first proposed by Tarig M. Elazki and Salih M. Elzaki [13] in 2011. This Method
is Highly recommended to solve linear and Non-linear differential Equation with shorten
calculation part compare to other Methods. For example, Adomain decomposition Method [14].
In this Paper, | solve Fokker-Planck equation (FPE) which was first applied to investigate the
Brownian motion of particles, is now largely employed in various generalized forms in Physics,
Engineering biology and Chemistry [15].

The motivation of this work is to extend the application of Elzaki Transform for solving Linear
and Non-linear FPEs.

50



International Journal of Mathematics and Statistics Studies
Vol.8, No.3, pp.50-65, October 2020

Published by ECRTD-UK

Print ISSN: 2053-2229 (Print)

Online ISSN: 2053-2210 (Online)

Fokker-Planck Equation (FPE):
The general form of FPE for variables x and t is as follows, according to [2,7,9,11,12]

ou 0 02
i [—aA(x) + a?B(x)l u(x, t) (2.1)
With the initial condition u(x,0) = f(x), x ER (2.2)

Where A(x) is the drift coef ficient and B(x) > 0 is the dif fusion coef ficient.
The drift and diffusion coefficients can also be functions of x and t that is

9 9 92
Yo —— A%, 0) + 5 B(x0)

at
Equation (2.1) is a Imear second order partial differential equation of parabolic type called
Kolmogorov equation, which is an equation for the motion of a concentration field u(x, t).

u(x, t) (2.3)

The backward Kolmogorov equation can be written in the following form:

ad
a—‘t‘ l—A(x t)—+ B(x,©) —l u(x, ) (2.4)
A generalized form of equation (2.1) for N variables x;, x,, X3, ... ... ..., Xy Can be written as
follows:
Za—A G0 + Za T B0 ue o (2.5)
i,j
With the initial condition u(x,0) = f(x), x = (%, X2, X3, eev e eer, Xy) € RV (2.6)

Where the drift vector A;and the diffusion tensor B; ; in equation (2.5) depend on N variables
X1y X2, X3, cen een wen e, XN -

There is a more general form of FPE, which is non-linear FPE. Nonlinear FPE has important
applications in various areas such as plasma physics, surface physics, population dynamics,
biophysics, Engineering, Neurosciences, nonlinear hydrodynamics, polymer physics, laser
physics, pattern for motion, psychology and Marketing.

The nonlinear FPE for one variable is in the following form:

ou [ 0 02

Frin —a—A(x t,u) +—B(x t,u)|ulx,t) (2.7)

Equatlon (2 7) for N variables xl,xz,xg, e e e, Xy 1S given by below equation.

ou_ ZA(t)+Z G tw) | uCx, ) 2.8

Frie 3 x, t,u 166 B;j(x, t,u)[ulx, (2.8)
ij=
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Where x = (X1,X3,X3, v eee ., Xy) € RN

Elzaki Transform Iterative Method (ETIM):
The Basic definition of Elzaki Transform is given below

A New integral transform called Elzaki transform [16-19] defined for functions of exponential
order is proclaimed. We consider functions in the set A defined by

Itl
A= {f(t): M, K, K, > 0,|f(t)] < Me®i,if t € (—1)/ x [0, oo)}

Definition: If f(t) is function defined for all t > 0, its Elzaki transform is the integral of f(t)
t
timese v fromt = 0 to oo. It is a function of v and is defined as

EU@M=T@0=v[ﬂﬂe%dt v e (K Ky)
0

or equivalently T(v) = v? j f(wt) et dt K, K, >0
0
Theorem 1: Elzaki transform amplifies the coefficients of the power series function,

F©O =) ant” (3.1)
n=0

On the new integral transform “Elzaki Transform” is

E{f(t)] = T(v) = Z nl @, v"+2 (3.2)

n=0
Theorem:2 Let f(t) be in A and Let T, (v) denote Elzaki transform of nth derivative,

f*(t) of f(t), then forn =1,

T,(v) = Tg) - Z vk () () (3.3)
k=0

To obtain Elzaki transform of partial derivative we use integration by parts, and then we have
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E <6f(x, t)> = %T(x, v) —vf(x,0),

at
0%f(x,t) 1 af (x,0)
E (T) = ;T(X, 17) - f(x, O) -V ot (34)
Properties of Elzaki transform

1. E(1) =v?
2. E(t") = n! P2
3. E(t) =3
4. E-1(p™+2) = ;’:

af(xt)
5. E( afc ) dx(f( t))

9% f(xt)
6. E( ax); ) dx2 (f( t))

To illustrate the basic idea of the ETIM for linear and non-linear partial differential equation.
The very first step is applying Elzaki transform on both side of the below equation

0™u(x,t
%+R u(x,t) + N.u(x,t) = g(x,t), Wherem = 1,2,3,. (3.5)
. oy » 0"Mu(x,t)
With the initial conditions G = fm-1(x),Wherem = 1,2,3,....
t=0

Where _a u(xt)

dlfferentlal operator, N represents the general nonlinear differential operator and g(x, t) is the
source term. Applying the Elzaki Transform (denoted by in this paper is E) on both side of
equation, we get

is the Partial derivative of the function u(x,t) of order m, R is the linear

m-—1 k
v mE[u(x, £)] = Z pr-md ”(’,‘{ Ot Elo 0] = ERu(u0) + Noue, )] (3.6)

k=0
Wherem = 1,2,3,....and thus we have

Elu(x,t)] = Yr%, vz”‘% + v™E[g(x,t)] — v™E[R.u(x,t) + N.u(x,t)] (3.7)

Now, by operating Inverse transform on both side of the equation we get

u(x,t) = G(x,t) — ETY[v™E[R.u(x,t) + N.u(x, t)]] (3.9)
Where G (x, t) represent the term arising from the source term and the given initial condition.
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The next step in Elzaki Transform Iterative Method is that we represent the solution as an infinite
series given below and linear and non-linear term given by simple recurrence relation
Uy = u(x, 0)
Urpq = [R(u,) + N(u,)|,Wherer =0,1,2,3 ...... (3.9)
Finally, we approximate the analytical solution u(x, t) as follows
u(,t) =ug+u +uy Fuz+ e

[00]

u(x,t) = Z Uy (x, t) (3.10)

n=0
The above series solution generally converges very rapidly.

Application of ETIM to FPEs:

Example: 1 Consider Equation (2.1) with the initial condition u(x,0) = x, x € R
Let A(x) = —1 and B(x) = 1 in equation (2.1).
By applying Elzaki Transform on equation by putting these values as below

Ju 0 02
E (E) =F [—a(—l) + W(l)l u(x, t)]

We get solution according to equation (3.6) as follow
2

v 1E[u(x,t)] = v.u(x,0) + E I:—xu(x, t) + %u(x, t)

E[u(x,t)] = v?.x + vE [;—xu(x, t) + %u(x, t)l

Now by Applying inverse Elzaki Transform on above equation we get

E7YE[u(x,0)]] = E!

5 0 02
ve.x + vE au(x,t) +Wu(x,t)

u=|x+E1

2
vE [aa—xu(x, t) + %u(x, t)”

Now, the recursive relation is given as below according to equation (3.9)
uo =X
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1 [0 02

u; = E7 |vE guo+ﬁuo =t
1 0 02

u, = E7|vE 6_xu1+6?u1 =0
1 0 02

Us =F vE auz +ﬁU2 =O

Finally, we approximate the analytical solution u(x, t) as follows
u(x,t) =ug+u; +uy +uz+- .

=x+t+0+0+ -
u(x,t)y=x+t

Example: 2 Consider Equation (2.3) with the initial condition u(x,0) = sinhx, x € R
Let A(x,t) = e cothx coshx + e’ sinhx — cothx and B(x,t) = e’ cosh x in equation (3).

By applying Elzaki Transform on equation by putting these values as below

E(au)—E
ot)

We get solution according to equation (3.6) as follow
v 1E[u(x, t)] = v.u(x,0)

9] 02
(et t o _ Z ot
l e (e coth x coshx + e’ sinhx — cothx) + EP (e* cosh x)l u(x, t)]

d
+E l— &{(et coth x coshx + et sinh x — coth x). u(x, t)}

+ 6—22{(et cosh x).u(x, t)}l
0x

2
E[u(x,t)] = v2.sinhx + vE [—aa—xA(x, ul(x, t) + ;?B(x, Hulx, t)l

Now by Applying inverse Elzaki Transform on above equation we get

2
E7YE[u(x,t)]] = E™* [v2.sinhx + vE I—aa—xA(x, t).ulx,t) + %B(x, t). ulx, t)”
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u = |sinhx + E~1

0 0°
vE l— aA(x, t).ulx,t) + ﬁB(x, t).u(x,t)

Now, the recursive relation is given as below according to equation (3.9)

Uy = sinh x
=E Y |vE aA( t) +aZB( t) =sinhx.t
U, = v 37 A0 0. uo + o5 B(x, ). uo| | = sinhx.
d 2 t?
_ -1 _
u, = E7'|vE l—aA(x, t).u; + Fp — B(x,t).uy [| = sinhx. o7
_ -1 _
u; = E71 |vE I—aA(x, t).u, + 7% — B(x,t).u; || = sinhx. 37

Finally, we approximate the analytical solution u(x, t) as follows

u(x,t) =ug+u; +u, +uz+ -
tZ

= sinhx + sinhx.t + sinhx.§+ sinh x.

2 3 4
=sinhx(1+t+>+=+5 4

u(x,t) = etsinhx

t3 t*

hx.— 4 .-
3+sm x4'+

)

Example: 3 Consider the backward Kolmogorov Equation (2.4) with the drift and diffusion

coefficients given by below respectively
A(x,t) = —(x + 1) and B(x,t) = x2et

the initial condition u(x,0) =x+ 1, x € R
By applying Elzaki Transform on equation by putting these values as below

£ () -

0 _— 0%
(x+1)a+(x e)ﬁlu(x,t)

We get solution according to equation (3. 6) as follow

E[u(x,t)] = v.u(x,0) + E l(x + 1)—{u(x )} + (xzet) {u(x t)}l

2
Elu(x,t)] =v% (x+ 1)+ vE |(x + 1)66—xu(x, t) + (xzet)%u(x, t)l
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Now by Applying inverse Elzaki Transform on above equation we get

E7YE[u(x, )] =E!

2
vZ. (x+ 1)+ vE I(x + 1);—xu(x, t) + (xzet)%u(x, t)”

u=|(x+1)+E?

0 - 0°
vE |(x + 1)§u(x, t) + (x“e )ﬁu(x, t)

Now, the recursive relation is given as below according to equation (3.9)
Uy = sinh x

2

u1 = E_l

vE l(x + 1)iu + (x%eb)
dx °

]=(x+1).t

0x? to

— —1- 4 2,t 62 - — tz
u, = E7 |vE (x+1)au1+(x e)ﬁul —(x+1).z

2 t3
ﬁuz = (X + 1)5

_1_ a 2 ,t
uz; = E~" |vE (x+1)au2+(xe)

Finally, we approximate the analytical solution u(x, t) as follows

u(x,t) =ug+u +uy Fuz+
t? t3 t*
= (x+1)+(x+1).t+(x+1).§+(x+1).§+(x+1).m+---

tz2  t3 ot
:(x+1)(1+t+§+§+z+'“.......>
u(x,t) = (x+ 1).et

Example: 4 Consider the Equation (2.5) with:

Aq(x1,x3) = x1 and Ay(xq, x2) = 5x;

By1(x1,x5) = x1°

B1,2(X1:x2) =1

By (x1,x,) =1

B, (%1, X2) = x5°

With initial condition u(x, 0) = x;, where x = (x,,%;) € R?

By applying Elzaki Transform on equation by putting these values as below
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‘E“i A(x)+za T B0 |ut )

i,j=1

We get solution according to equation (3.6) as follow
v 1E[u(x,t)] = v.u(x,0)

[ 0 0 0? 5
| —%{xl.u(x, t)} —E{sz.u(x, )} + % 9% {x1%.ulx,t)}
+E| 1 2 1

2 62 21
[+ {L.u(x,t)} + {L.u(x,t)} +

1
|
|
T uCx, )
0x,0x, 0x,0x, 0x,0x, o WX

E[u(x,t)] = v2.x,

+ vE l( {xl} — {5x2}) u(x, t)

0?2 62 0?2 0?2
+ ( {x, 2} + 3 {1} + {1} + {x,? >u(x t)l

0x,0x, X10x, 0x,0x, dx,0x,

Now by Applying inverse Elzaki Transform on above equation we get

E7YE[u(x, 0)]]

4 vE [(——{xl} _ {5x2}>u(x 0

02 2 02 02 02
* <6X16X1 {xl } " 0x10%; {1} * 0x,0%, {1} 0x,0x; {xz >u(x t)”
r 2 ]
u=|x, +E|vE Z A(x) u(x, t)+z:a %, By, (%) . u(x, t)

i=1 i,j=1

Now, the recursive relation is given as below according to equation (3.9)
Ug = Xq

u, = E71|vE —Z A(x) uo+z:a 0%, U(x) Up || = x4.t

i,j=1
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2
_ 9]
u, = E'|vE —._Ela—A(x) uq + E FIET 0% B j (). ug || = %155 1

i,j=1

i=1 i,j=1

- ]
d
uz; = E71|vE —Za— (). u, + z 3:9%, By j(x) . up [| = Xy.37

Finally, we approximate the analytical solution u(x, t) as follows
ulx,t) =ug+u +u, +uz + -

t? t3 t*
=X +x.t+x,.—+x +x.—+-
1 1 12 13 14|

t4-
=x1(1+t+ +S+l 4 )

u(x,t) = x;.et

Example: 5 Consider the non-linear Fokker-Planck Equation (2.7) with
Initial condition u(x,0) = x%2,x € R

u x
Alx, t,u) = 4;—5 and B(x,t,u) =u

By applying Elzaki Transform on equation by putting these values as below

£(00)= 5[ oD+ g w]ueno)

We get solution according to equation (3.6) as follow

1E[u(x, t)] = v.u(x,0) + E l—ai{(él— — f) u(x, t)} + xZZ {fu. u(x, t)}l

E[u(x,t)] = v?.x% + vE l—aa—x{(élg - g) u(x, t)} + aa—xzz{u.u(x, t)}l

Now by Applying inverse Elzaki Transform on above equation we get

E7YE[u(x,)]] = E~t [v%.x? + vE I—i{(él———)u(x t)}+ {u u(x, t)}”

dx
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u=|x*+E1
0x

vE l— i{(ﬁl% - %) u(x, t)} + aa—;{u. ulx, t)}

Now, the recursive relation is given as below according to equation (3.9)

Uy = x2
u, = E"Y|vE l—:—x{( %—g)uo}i-aa—;{uo.uo}” =x%t
u, = E71|vE I—:—x{(4%—g)u1}+%{ul.ul}l = x°.
uz; = E"1|vE [—%{(4%—§)u2}+%{u2.u2} =x

Finally, we approximate the analytical solution u(x, t) as follows
u(,t) =ug+u +uy Fuz+

t? t3 t*
— 22 2 2 2 2 ...
=X +x.t+x.2!+x.3!+x.4!+
9 t2 3t
=X (1+t+—+—+—+---.......>
21 31 4l

u(x, t) = x2%. et

Example: 6 Consider the non-linear Fokker-Planck Equation (2.8) with
Initial condition u(x, 0) = x;%,x = (x1,x;) € R?

Ai(x, t,u) = xilu and A,(x,t,u) = x,

B1,1(x1:x2) =u

Bi,(x1,x7) =1

32,1(951:952) =1

Bz,z(xpxz) =u

With initial condition u(x, 0) = x,2, where x = (x1,x,) € R?

By applying Elzaki Transform on equation by putting these values as below
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[za A(xtu)+zaa B;j(x,t,u) [ulx,t)

i,j=1

We get solution according to equation (3.6) as follow

v 1E[u(x,t)] = v.u(x,0)
2

Jd (4
I[ _%{—u u(x, t)}__{xz u(x, )} + 9x a {fu.u(x, t)} ]I
+E| 621 2 1 I
[+ 3x.0%, {Lulx, )} + raox {Lu(x, )} + o, {u u(x, t)}J

E[u(x,t)] = v?.x,?

+ vk [(—i{ LD

o {ul+ o 1} + o 1} + o {u} t
9x,0%, %, 9x,0%, ax,0x, |0

Now by Applying inverse Elzaki Transform on above equation we get

E7YE[u(x, 0)]]

=E"1|v2.x,?
+ vE l(—a%{i—?} - %{xz}) u(x, £)
<a Eja -l o ax, +6x(:;x1 1 +axf;x2 M)”(x' t)“
[ ) ]
u=|x2+E1|vE Z -Ai(x t,u). u(xt)+”z:la %, By j(x, t,u) u(x, t)

Now, the recursive relation is given as below according to equation (3.9)

Uy = x,°
u, = E71|vE —Za—A (x, t,ug) . uo+z:a % -By j(x,t,u0) - uo =—x2t
ij=1
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, .
£2

U, = Z A (Gt ug) ug + z 3:9%; By j(x, t,ug) wy || = xlz.g
i=1 ij=1 ] '

2 52 £3

us; = E71|vE —Za Ai(x,t,uy) . u2+za % By j(x,t,uz) . uy =—x12.§
i=1 i,j=1 '

Finally, we approximate the analytical solution u(x, t) as follows
ulx, t) =ug+u +u, +usz +-

t? t3 t*

L2 22 4.
=T x1.3!+x1.4!+

a2 4 t*
= X1 (1—t+;—;+z+)

=x12 t+x1

u(x, t) = x;%2.e7t
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