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THE NON- BAYESIAN ESTIMATORS METHODS FOR PARAMETERS
OF EXPONENTIATED WEIBULL (EW) DISTRIBUTION
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ABSTRACT: In this paper we derivative and find the statistical formula for the estimater of
three unknown parameters a, f, ). for Exponentiated Weibull (EW) by three Non- Bayesian
methods, maximun likelihood estimator method(MLEM), rank set sampling estimator
method(RSSEM) and ordinary least squares estimator method(OLS), the all equations in this
paper for all using methods are solved by Newton-Raphson method, Monte Carlo simulation
procedure are used in this paper to generated many sample sizes and compare between them
by using Mean squares error measure.
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INTRODUCTION

In (1993)l"1 Mudholkar and Srivastava introduced the Exponentiated Weibull family
distribution (EW) as the extension of weibull family. In (1995)® Mudholkar introduced the
applications of exponentiated weibull (EW) distribution. Mudholkar and Hutson in (1996)f!
studies the reliability and survival about (EW) distribution. Nassar and Eissa in (2003)[?]
studied in more detail the properties of (EW) distribution. Pal and Woo in (2006)™*lcompared
the exponentiated weibull with two-parameter weibull and gamma distributions with respect to
failure rate. Ragab and Madi in (2009)"*%studied Bayesian estimation and perdiction for the
(EW) distribution using informative and non-informative priors has been considered. Salem
and Abo-kasem in (2011)14 studied Bayes and non-Bayes estimator for (EW) distribution have
been obtained when sample is progressive hybrid censoring scheme. Debanshee and Datta in
(2013)1] fitted a weibull distribution and (EW) distribution for wind speed data and find the
mean and variance of wind speed data, then estimated the parameter by using MLE method.
The Exponentiated Weibull family distribution (EW) contains distributions with bathtub-
shaped and unimodal failure rates desides a broader class of monotone failure rates.

The probability density function for Exponentiated Weibull distribution (EW) is:

a-1
f(t; o, B,A) = o BAB tA—1 o= (A0F (1 —e~) " >0 ..1)
Q={(o,A);a>0,8>01>0}
where the shape parameters are a and B, the scale parameter is A
The cumulative distribution function is;

o
F(t o B,A) = (1 - e_O‘t)B) >0 )

In (2007)[ and (2012)F! Ashourb and Eisa introduced and study the hazard and the survival
functions .
The hazard rate function is given by;
_ _J®
h(t) = —F @] t>0....... 3)
The survival function is given by;

S =1-(1-e @) £>0...4
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Because the EW family is very flexible family we can used for modeling several types of
skewed lifetime data (2009)]

We have amany distributions which are a special case of EW family as follows;

(o=1,p=1) lead to exponential distribution, if (0=1) lead that to weibull distribution, if
(0=1,p=2) lead to Rayleigh distribution, if (B=1) lead to (GE) generalized exponential, if (p=2)
lead to (GR) generalized Rayleigh distribution.

Maximun Likelihood Estimator Method(MLEM)
Suppose a complete sample t=(ty,to, ...... ,tn) this sample are obtained, to estimate the parameters
for the distribution, and recovded from life test of n individuals*, where the life times have
distributed as (EW) distribution.
The Likelihood function of exponentiated weibull (EW)distribution is:-

n

L= ﬂf(ti; o5, 1)

L = 1_[(1 e~ At )ﬁ n(t )[S’ 1, -z, l) AnB B™ a ..(5)

Taklng the natural Iogarlthm for the likelihood function, so we get;
n

B
InL = (a — 1)zln(1 - e‘o‘ti)ﬁ) + (B - 1)Zlnti - <?\2ti> +nBInA+ninp

i=1
+nlna..(6)
The partial derivatives for the log-likelihood function with respect to unknown parameters o.,3
and A are:

n
JdInL n
- Z In(1-e"0%) +=.(7)

Ja . a
=1 B
alnL —e~Of _ (AP InAt . - -
- (a— )Z zmti— Azti lnAZti+nln)\
— 1— e @Aw)P - L -
n_ ( ) i=1 =1 i=1
B

dInL —e~ ()P —B('/\t)ﬁlt 2 B
L L O IPXIE =

1 i=1
For the above equaﬂons(? 8 ,9)we cannot separate the estimator of any parameters from the

other two parameters then the three function f(a), g(B) and z(A) are the first derivative of
natural logarithm likelihood function with respect to unknown parameters a, B, and A
respectively.

n

f(a) = Z In(1-e00%) 4 g e (10)

n n B n
~0P _ ()P InAt
g(B)=((X—1)Z — 1 ((zt)ﬁn ZInti— KZti In )\Zti
i=1 —e i=1 i=1 i

+nlnA +%..(11)
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B-1 n
e~ (AP S nB
z() = (a— 1) Z L. ;\Z 4 Zti Fo2 . (12)
1= 1=
this three- nonllnear equation are hardness to solve, then using Newaton-Raphson method®! to
estimate the parameters of (EW) distribution.
Now, we need to find the Jacobean matrix J which are the first derivatives for each equations

f(a), g(B) and z(A) with respect to a, B, and A.

of (@) df(a) df(a) 9%InL(t;a,BA)  d%InL(t;a,fA) 02 InL(t;a,B,A)
[ da ap oA ] [ da? dadp dadl l
_199B) 0gB) 0g9(B)y_ |a*InL(tyapAr) 9*InL(tgaBA) 9*InL(t;aBA) 13
]_l da ap ar |_ poa ap? B |"'( )
dz(A) 09z(A) 9z(Ad) J lazlnL(ti;a,ﬁ,A) d21n L(t;a,B,2) azlnL(ti;a,ﬁ,/l)l
da B oA l Nda a108 922 J
of (a) n
da  a?” (19
af (@) Z“: —e 0® _()P Indg .1 Z“: e~ (At,)B In At .
0B L 1~ e 0P TL T 1o (1)
1= 1=
of (@) _ Z —e~ % —pQw)F 1 ze-mﬂﬁﬁmi)ﬁ-l t 16
EY R _ |~ oGP T~ oGP ver e e e (16)
i=1 6 i=1
g9(B) —e= ()" (AP InAt; .1 e—(at ok (t)B In At
w ) 5 =3, 5 e (17)
@ 1 e ()‘tl) 1—e (}‘tl)

ag(B) — (a- 1)2 e M ()P (n(t))? [1— e 0" — AP ]
(1 — e—o\ti)ﬁ)

—( zn:ti> <1n(xzt)> _1 as
a‘%—?: _ (A.n 4 . Zti+<ln7\Zti> B (Aitif_liti +;

i=1

n (1 - e‘(“i)ﬁ) [—e‘o‘ti)BB(Ati)ZB‘lti InAt; + e~ AP BAL)E-1 t; InAt; + e‘(“i)s(?\ti)ﬁ‘lti]
_1 Z
) (1 — e—O\ti)B)z

[e720 B(at)2P~1t; In A
—(a—l)z ﬁ( ) nAul a9
= e—(/lti)ﬁ)
9z(1) Z —e W PP Z e M)y
da L 1 — e—t)P B 1 — e—At)P -+ (20)
- n B-1 n n B—1 n
az(\) n
- —|p Azti Zt(lnxzt)+ Z Zti + 2
B , _ A
i=1 i=1
+(a
n (1 - e-@ti)‘g) [—e‘o‘ti)BB(Mi)ZB‘l. InAt; .t + e~ AP (Ag)B1 t;, + e~ AP BAL) P~ In(Aty) ti]
1 z
) i=1 (1 - e_()‘ti)ﬁ)z
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n [e—zwi)ﬁ[; (At;)?B1.t;In )\ti]

—(a-1) ) R 21)
0z(1) 1 . 2 : np
EY R -B(B—-1) ; ;ti mT)

—t)BY | .—at)B - 1) .—(\t;)B
& (1 - e 00 ) [em 00 BB — 1) () P2t — 22 (M) 2D R

(a—1) Z (1 — e—(lti)ﬁ)z
(A0 g2 (1. )28-2, 12
—(a— 1)2 B G et e (22)

= —e (Atl)ﬁ)
Ait1 a; f(a)
<ﬁi+1> = <,3i> —J g | (23
Aita Ai z(2)

Rank Set Sampling Estimator Method(RSSEM)
The seconed non-Bayesian Rank Set Sampling Estimator Method(RSSEM) disucss here, this
method is one of sampling techniques which benefits from order statistics®! the first step is
to find the probability density function of y; which is an order statistic formulated as follows;

|

8 M) = =gy g =y (FO0I I~ FOI"'y) a <y <b...24)

! aqi-1
gyi;n) = = 1)T(n .y [(1 - e‘.(“i)ﬁ) ] [1
_ (1 _ e—(xti)ﬁ)“]n_l [a BAPEFL -0t (1 _ e—(ui)s)“‘l] . (25)

n!

letk = (i—1)!(n—1)!

The second step of this method is to apply (MLE) for parameters by using (RSSEM) for g(y;).
The likelihood function of sample t(qy, t2), ..., t(n) are:

L(t(l), tey -ty @, B, ﬂ.)
n

=k”1_[(1

i=1

n
a(i-1)
ey

i=1

. n
a\ n—t _ n B
_ (1 _ e—(Ati)ﬁ> ) (a™Bm AP | | tiﬁ 1o—(23kt)
. i=1

1_[ (1- e—(“ﬁ’g)a_1 e (26)

i=1

n n B
InL =nlnk+nlna+nlng +nBlnA+ (8 — 1)Zlnti—<;\2ti>

i=1 i=1
n n
o
+ (ai—1) Z In (1 — e‘O‘ti)B) + (n—1i) Z In(1 - (1 — e‘O‘ti)B) - (27)
i=1 i=1
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Finding the partial derivatives of the natural logarithm for likelihood function:

n
dlnL n
s _ Atk
7 —a+121n(1 e )

i=1

‘O‘tl)ﬁ) In (1 — e‘O‘ti)B) .1

—1) Z 1 T e—mi)ﬁ)“) ...... (28)
n B n
a;L - %+ alnA+ ) Int, — ()1; ti> In ()1; ti>
—e~ A" _(at)P.In(At,)
+ (ai — 1)2 (1= oG0Py
—0( —e O‘t )B) T e w)f, — ()P In(Aty)
+(n—1) z 1 . e—(kti)B)“) ...(29)
ﬁ 1 n

n
dlnL np —e~wP _pt)B-t,
oA _7+'B<AZQ> Z“’(“l_l)z 1—e (Atl)B)
1=
1
—e — () ) .—e ()\tl)B.—B()Lti)B lti
i z —
- (1- (1 - e-00f))
From the flrst derivative of log-likelihood function we get three non-linear equations as follows;

=g lz n(1-e) =G Z = e;(}f)@ Lnglti;)e“_)mi)s) - (31)
9(8) -E+nm+zmt _< i“) m@iti)

+ (ai— 1) Z : ml)ﬁ_(f_)(z:;()lt )
-y Z _Q:—>(1_ e(::;(;t))s no )
w-FelFe) T fy
Y Z = e_(:tl_ )1 - ee__::)):)s(; UL Bpes

This system in not easy to solve, so using the Newton—Raphson method:

O (n(1 - 0") ) (1 -e0?)’
* * i=1 [1 - (1 _ e—(xti)B)“]
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-mgs ) (in(1- -moﬁ))z
l)z [1_ (1 o0 ] e (34)

f (@) iz e=° ()P In(Aty)
g - (1 — e~ (P

) i [1 — (1 - e_(}‘ti)B)a] [(1 — e_o"‘i)ﬁ)a_1 e=@P (\t,)BIn(At;)
n—i
= [1-(1- e—o\ti)ﬁ)“]z
1—(1-e @) |In(1— e @P) g (1 - e=@P)" " e~ OP ()P In(At,)]
B\* B B\* 1 B
[1-(1- e—(moﬁ)“]z
(1 — e_o‘ti)B)a In (1 - e_o‘ti)B) a (1 - e_O"‘i)B)a_1 e~ (At)B In(At,) 35
* [1-(1- e—mi)B)a]z ...... o
of (@) _ ii 0 BBt

+

0 L (1-e 0P
- z": [1 — (1 - e‘()‘ti)ﬁ)a] [(1 — e"o‘ti)ﬁ)a_1 e~ Bt Pt
—(n—i
£ [1 _ (1 _ e—(Ati)B)a]z

1= (1= ) in{a ) (1059 P gt
[1-(1- e—mi)ﬁ)“]z

) (1- 001 (1-e ") a(1- e‘(“i)8>a_1 LI (36)

[1-(1- e—moﬁ)“]z
ag(B) .~ e M r)PIn(Ary)
=1 E

_.|_

da & (1- e~ ()P
—(n -
. Zn: — (1 — e"o‘ti)s)a] [e=C%" (t))P In(At) (1 — e‘o‘ti)ﬁ)a_l In (1 — e‘(“i)ﬁ)
—i
i=1 [1 - (1 — e—O\ti)B)a]z

[1- (1) ] (1= e @) et Gt InGae)
2 _1[1 ~(1- e—(xti)B)“]z
a(1- 0P ) =00 )P In(at) In (1 — e~ 0*)

+ A (37)
[1 -(1- e—moﬁ)“]

n B n n
ag(B) -n
T=ﬁ—<)l' ti> 1n<;1;ti>1n<zzti)

i=1

+
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" (1 - e 0" [ 0P )P (n(At))? + (AP In(Aty) e — ()P In(aty) |
~1) z
i=1 (1 - e_o\ti)ﬁ)z
e~ AP )P In(At,) . —e~ WP —(At)BIn(AtL)
(1 — e—()lti)s)z

_(n
& [1 - (1 - e-@tﬂﬁ)“] [a(a — 1) (1 - e-WOB)O‘_2 —e~ P _(3¢)BIn(At,) e~ P (At,)B In (A
= ; [1-(1- e—@ti)ﬁ)“]z
a(1— e 0") " 00 _ ()P In(aty) (ae)P In(At) + a (1 — e~ 00) T =00 (ag)P(in(aty)
[1-(1- e—(Ati)B)“]Z

a-1 a—-1
a (1 - e‘(“i)ﬁ) e~ AP At )BIn(At) . —a (1 - e‘o‘ti)ﬁ) —e~ P _ )P In(At))

_.|_

- . ..(38)
[1- (1 - e-e0f)?]
99(8) n n n B-1 n
—g </’12tl> i= 1 L +1n (AZti>B<AZti> Zti
i=1 Liz1 b i=1 i=1 i=1
+(0(i
5 Z (1 - e"O‘tl)B) [e= P _B(At)B~1t;(At,)P In(Aty) + e~ AW’ B(At,)B~1t; In(At;)
i=1 (1 - e_O\ti)B)Z
+e~ 00" Q)P ] — e 09" At PIn(aty) . —e~ O B Py
(1 - e-(F)?
—(n
( n NN —oP) 2 —upP B-1¢ o= (AP (¢ \B
')Z [1-(1-e 00 ) | [a(a - 1) (1- e @) " —e D" _p(at;)P~1t;e A" (aty)P In(At;)
i=1 [1 — (1 — e—O\ti)B)a]

a—1 a-1
a (1 - e-(“OB) e~ _p(at)B1t, (AP In(At) + (1 - e‘O‘ti)B) e~ (At B¢, In(A

[1-(1- e—(xti)ﬁ)“]z

+

a-1 .
o (1 _ e—(xti)ﬁ) e~ P ()t,)P %]
L

[1-(1- e—(xti)ﬁ)“r
a(1- e-(%tﬂ‘g)o‘_1 e O ()P In(ae) . —a (1 - e-@ti)ﬁ)a_1 e~ p(re)E-1,
B [1 —(1- e‘(?nti)s)a]z - (39)
02(2) _ "i e 0 B ()P,
(1- e—(Mi)B)
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a a—1
- [1 — (1 - e_(}‘ti)B) ] a (1 — e_o‘ti)ﬁ) In (1 — e_o‘ti)B) e~ AP g(At)B1t;
n—i) Z —
i=1 [1 — (1 — e~@wF) ]
OB\ —oeB Y o8 _
[1- (1 _ e ) ](1 — e~ ) ) e~ APt )B-1¢,

[1-(1- e—mti)ﬁ)“]z

2a—-1
a (1 - e_o‘ti)B) In (1 - e_o‘ti)ﬁ) e~ AP p (At -1t

n - e e (40)
[1- (1 - e-CP)"]

0z(1) n B-1 n n n F-1 n

Z n

=-—B (A tl-) tiln (A ti) - </1 ti) L
9B Zl Zl Zl Z Z
e~ (At )B) [e=C%" — (At)P In(Aty) BOL)P 1t + e~ A0 1. (AP,

+(ai — 1) Z (1- e—(Mi)B)Z

+e~ (MI)B,B’(Ati)B Ln(At) ] — e gt B1e,. —e= AP —(At,)B-1In(At;)
(1 — e~ OwP)?

—(n

< [1 — (1 — e_(}‘ti)s)a] [a(a—1) (1 - e_o‘ti)s)a_2 —e~ 0P _ ()P In(At;) e~ @ B(AL)P1t,
P Z [1-(1- e—mi)ﬁ)“]z
a(1- e_(}‘ti)B)a_l e0® — ()P In(At) BAL)Pe; + a (1 - e—@tiﬂ‘)a_1 e O 1, (At)P~1¢
[1-(1- e—(xti)ﬁ)“]z
a(1- e-(“i)ﬁ)a_1 e~ p(at)B~ 1 In(At,) . t;]
[1 ~(1- e—(xtaﬁ)“]z
a(1- e-O\toB)a_1 e~ 00" B(At )Pty —a (1 - e-@tﬂﬁ)“_1 —e= 0P _ ()P In(At)

B [1-(1- e_o‘ti)ﬁ)a]z e

0.2 0o (i52) (5

i=1 i=1
+(ai
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+

— e 00") [ OB — 1) (A2 + PO e A’ —B(Ae)P 1]
- 1) z TR
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—(n

a a—2
- [1 — (1 — e‘O‘ti)B) ] [a(a—1) (1 — e‘o‘ti)s) —e P _p (AP 1e A B(Ar) Bt
=1

—0) Z
i [1 — (1 — e—O\ti)B)a]Z
a(1- e—@ti)‘*)“‘l e 0% —p ()Pt F (AP e + a (1 — e_O‘ti)B)a_l e O (B — 1)(At;)P~2
[1-(1- e—(xti)ﬁ)“]z

a-1 a-1
[a (1 - e_o‘ti)ﬁ) e_o‘ti)BB(Ati)B_lti] [a (1 — e_o‘ti)s) —e AP _p(ae)P 1t
T T I ———_——__ (42)
[1-(1- e—mti)ﬁ)“]z
Now, by applying equation(13) we get the estimators of three-parameters of (EW)distribution
by using Rank set sampling method.

+

Ordinary Least Squares Estimator Method(OLSEM)The third method of estimation for
(EW) distribution is ordinary least squares estimator method(OLSEM), this method is applied
in many phenomenas in life such as Medical, Economics and mathematic problems and othert®!,
The idea of this method is to minimizes the sum squares differences between observed sample
values and the expected estimate values by lineacted estimate values by linear approximation(?
as foIIows

Z € = Z —E@)I? ... ... (43)

We use the CDF of three parameters (EW) distribution as follows;
F(t) = ( _ e—(/’Ltl)B)

(F(t)) = 1-e 00"

1—(F(t)) “=e @ . (44)

Now, we taking the natural logarithm

In[1 - (F(t)) ] = =28t ... (45)

comparing that with simple linear model

y=In[1-(Ft)) "], Bo =0, =-28,t =tF .....(a7)

€ = In[1— (F(t-)) |+ @tF ... (49)

Z z[ln[l—(F(t)) “©V+ @A) ... (50)

n

zef = > [t - (F@e)) ] +ZZ(At)Bln1—(F(t)) ]+Z(At)zﬁ o (51)

oy, < (k) In(F(¢)
SR 2;[111[1 — (F(t)) ] L ()
- ~(F(tp) ™ 1n<F<t )
+2 ) (At)F
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azlll

- 22(/11: )8 In(at) In[1 — (F(t)) ] + ZZ(AL‘ )28 In(At,)

62?1 €; ZZﬁ(At)B 1, ln[l—(F(t)) ]-{-ZZﬁ(/lt)Zﬁ ¢,

These three equatlons are a nonlinear equatlon solvmg by system Newton-Raphson method.

N — (Rt (F(t) “In(F(t))
fl@= 221 [1- (F() "] - )

(F(ti)) In(F(t;))
-2 (At~ —— ... (52
Z -] O

g(ﬁ)_zz(u)ﬁln(u)lnh (F(t)) ™ +zz(,1t)2ﬁ1n(/u) .(53)

z(A) = zz lﬁ(At YAt In[1 — (F(t;)) ]+22{l Bt ...(54)
of (a)
Ja

- in [1- (FtD) “|(Ft)) " n(F(£)1? +(F(ti))_2a[ln(F(tl-))]2
=23l - () ek

_(F(tl)) [In(F (t))]?

n[l — (F(ti))_a]z . 2

42 Zwi)g [1 - (Ft) "] (F(tp) [ln(F(ti))]_Z J; (F(t)) ™ [In(F(t)1?
[_1a— (F(t)) ]

af(a) Zzw)ﬁl (M)( (D) In(F(¢))

..(55)

— ..(56
-y
af(a) (F(t)) “In(F(t))
-2 (At)P 1t —— .. (57
Zﬁ = o (57)
ag(B) ( (ti))‘“ In(F(t))
—g = 2 (At)P In(At; ——.....(58
Z Q) s (59)
g(ﬂ)

v - zZ(u Y8 In(At) 1 In[1 — (F(t)) ] + 4Z(At Y28 ML) ... (59)
ag(ﬁ) ZZ(At )81t 1n[1 — (F(t)) ] + In(e) B(AL) Pt In[1 — (F(t) ]

+ z 20t)2P1t, + 4In(At)BAE) s . (60)

az(A) ~ b1, ((ti))_aln(F(ti))
] 223 - )]

...... (61)
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0z (A)

= ZZﬁ(At )A~1tIn(A¢) In[1 — (F(t;)) ] + (APt In[1 - (F(r)) ]

+Z4ﬁ(,1t)2ﬁ’ Lt In(At) + 2(At) 21 ¢ o .. (62)

62(1)

=Y, 28t7 (B— DAt In[1 — (F(t)) "] + Xk, 2Bt2 (2B —
1)(/1tl)23 Z (63)

Simulation

Simulation procedure have been performed using visual basic programming language for
illustrating the theoretical numerical values for all estimation methods which dervivate and find
in previous section.

The performance of numerical values to estimate all parameters in (EW).

The simulation procedures are described as follow:

1-Generated random numbers with uniform distributed with [0,1] which denoted by wu.

2- Generated random sample which distributed (EW) distribution by using inverse
transformation method.

a
u = [1 — e‘(lti)ﬁ]
1 — ul/a — e_()lti)ﬁ

_ 1
In|1 —ul/a] /e

A
3- Choosing the true values of the parameters, where (a, 8 = 0.5,1,2,4 = 1,2).
4-Choosing random sample of sizes (n=10,30,50) which generated from (EW) distribution and
repeated the sample (1000) replicate.
5-The Newton-Raphson method was used to solving the three nonlinear equations in MLE
method given in equations(10,11,12) also the three nonlinear equations in RSSE method given
in equations (31,32,33) and the three nonlinear equation in OLS method given in equations
(52,53,54).
6-For each samples the Mean squares error measunes (MSE) for all parameters in (EW)
distribution were estimated.

MSE_Z(’ where 6 = (a, B, 1)

then calculated the average mean squanes error (AMSE) for allgenerated samples

AMSE =3k, =

7-The A MSE of the estimators for the three parameters for all sample sizes were tabulated in
the following table.
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Table:the MSE of the parameters 8 = (a, 3, A) for all methods

n |A B | A | MLE RSSE OLS Min value eq.
10 (05 (05 |1 [0.3792 0.7431 1.8256 MLE
2 |0.5142 0.9211 1.9934 MLE
1 |1 |0.3914 0.7992 2.0761 MLE
2 [0.6785 0.9415 2.6321 MLE
2 |1 |04221 0.8321 2.1311 MLE
2 [0.6998 0.9884 2.441 MLE
1 |05|1 |{0.3893 0.7744 1.8572 MLE
2 0.5144 0.9525 2.1212 MLE
1 |1 ]0.3965 0.8133 2.4378 MLE
2 10.6818 0.9676 2.6935 MLE
2 |1 |04271 0.8851 2.4217 MLE
2 |0.7021 1.013 2.6138 MLE
2 |05 |1 |0.389%5 0.8214 1.8813 MLE
2 |0.5164 0.9699 2.2007 MLE
1 |1 ]0.3982 0.8334 2.5019 MLE
2 0.6855 1.1022 2.7131 MLE
2 |1 04343 0.9245 2.6078 MLE
2 |0.7108 1.482 2.6991 MLE
30 |05 (05 |1 06721 0.6935 0.9219 MLE
2 10.8621 0.8824 1.2002 MLE
1 1 0.7825 0.7892 1.3214 MLE
2 |0.8907 0.9393 1.3532 MLE
2 |1 |0.8216 0.8603 1.5617 MLE
2 | 1.0056 1.1924 1.7417 MLE
1 05 (1 0.6851 0.7136 1.2514 MLE
2 |0.9524 0.9581 1.4130 MLE
1 |1 |0.7902 0.8185 1.9213 MLE
2 [0.9732 1.7321 1.921 MLE
2 |1 ]0.8421 0.9030 2.2017 MLE
2 13434 2.6633 2.8754 MLE
2 |05 |1 |0.6291 0.9133 1.9341 MLE
2 [1.0799 1.7724 2.5417 MLE
1 |1 ]0.8010 0.8418 2.5420 MLE
2 [1.4215 1.8541 2.5921 MLE
2 |1 |0.8542 0.9521 2.8412 MLE
2 |1.6566 1.8921 2.6363 MLE
50 |05 (05 |1 |0.7773 0.7882 0.9329 MLE
2 0.9105 1.1147 1.6632 MLE
1 |1 ]0.8245 0.8909 1.2073 MLE
2 0.9333 1.2995 1.7570 MLE
2 |1 |0.8932 0.9311 1.4029 MLE
2 0.1311 1.7336 1.9321 MLE
1 |05|1 |0.7954 0.8250 1.1661 MLE
2 1.2156 1.7549 1.9907 MLE
1 |1 ]0.8702 0.9030 1.1787 MLE
2 1.4433 1.8721 2.0141 MLE
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2 1 1.0995 1.1441 1.35341 | MLE

2 1.8821 2.9079 2.092 MLE

2 05 |1 0.8340 1.2321 1.5007 MLE
2 1.2715 1.9907 2.7013 MLE

1 1 0.9214 1.4027 1.6921 MLE

2 1.5507 2.5656 2.7456 MLE

2 1 1.1752 1.5958 1.9025 MLE

2 1.8732 2.8792 2.8773 MLE

CONCLUSIONS

1-For all methods also for all values of sample size and for all true values of the
parameters we found that MLE method have the smallest MSE.

2-For all methods espesically MLE method noting that the values of MSEare increasing.
3-For all methods espesically MLE method showing that the values of MSE are increasing
when the true values of all parameters are increasing.
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