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ABSTRACT: In this paper, a food web model consisting of two predator-one stage structured
prey involving Lotka-Voltera type of functional response is proposed and analyzed. It is
assumed that the prey growth logistically in the absence of predator. The existence, uniqueness
and boundedness of the solution are studied. The existence and the stability analysis of all
possible equilibrium points are studied. Suitable Lyapunov functions are used to study the
global dynamics of the proposed model.
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INTRODUCTION

The dynamic relationship between predators and their prey has long been and will continue to
be one of the dominant themes in both ecology and mathematical ecology due to its universal
existence and importance. Over the past decades, Mathematics has made a considerable impact
as a tool to model and understand biological phenomena. In return, biologists have confronted
the mathematics with variety of challenging problems, which have simulated developments in
the theory of nonlinear differential equations. Such differential equations have long played
important role in the field of theoretical population dynamics, and they will, no doubt, continue
to serve as indispensable tools in future investigations. Differential equation models for
interactions between species are one of the classical applications of mathematics to biology.
The development and use of analytical techniques and the growth of computer power have
progressively improved our understanding of these types of models. Although the predator-
prey theory has been much progress, many long standing mathematical and ecological
problems remain open[1]. Food chains and food webs depict the network of feeding
relationship within ecological communities. During the last few decades, a large number of
food-chain and food-web systems have been proposed to describe the food transition patterns
and processes [2—4] .Living organisms enter into a variety of relationships, such as Prey-
Predator, Competition, Mutualism, Commensalism and so on, among themselves according to
the needs of individuals as well as those of species groups. Food webs are one example of
interactions that go beyond feeding relationships. Recently, number of researchers have been
proposed and studied the dynamics of food webs involving some types of these relationships,
for example see [5—12] and the references their in. The study of the consequences of hiding
behavior of prey on the dynamics of predator prey interactions can be recognized as a major
issue in applied mathematics and theoretical ecology [13, 14].0On the other hand, it is well
known that, the age factor is importance for the dynamics and evolution of many mammals.
The rate of survival, growth and reproduction almost depend on age or development stage and
it has been noticed that the life history of many species is composed of at least two stages,
(immature and mature). Recently, several of the prey-predator models with stage-structure of
species with or without time delays are proposed and analyzed [15—19]. In this paper the food
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web prey-predator model involving stage-structured of prey is proposed and analyzed, so that
the prey growing logistically in the absence of predators. The effect of prey stage-structure on
the dynamical behavior of the food web model is investigated theoretically as well as
analytically.

The mathematical model

Consider the food web model consisting of two predators-stage structure prey in which the
prey species growth logistically in the absence of predation, while the predators decay
exponentially in the absence of prey species. It is assumed that the prey population divides into
two compartments: immature prey population Py(t) that represents the population size at time
t and mature prey population P2(t) which denotes to population size at time t. Furthermore the
population size of the first predator at time t is denoted by H: (t), while Ha (t) represents the
population size of second predator at time t. Now in order to formulate the dynamics of such
system the following assumptions are considered:

1) The immature prey depends completely in its feeding on the mature prey that growth
logistically with intrinsic growth rate r >0 and carrying capacity K>0. The immature
prey individuals grown up and become mature prey individuals with grown up rate 5>0.
However the mature prey facing death with natural death rate ¢1>0.

2) The first and second predators consumed the mature prey individuals only according to
the Lotka-Voltera type of functional response with predation rates di>0 andc>0
respectively and contribute a portion of such food with conversion rates 0<ei<1 and
0<e<1 respectively. Moreover, there is an enter-specific competition between these
two predators with competition force rate dz>0 andds>0 respectively. Finally in the
absence of food the first and second predators facing death with natural death rate c2>0
andcz>0.

Therefore the dynamics of this model can be represented by the set of first order nonlinear
differential equations:

dp, P

—1l_rp|1--2 |-

(12 m

dp,

gt = /PGP - dPH, ~d.PH, "
dgtll =—C,H, +ed,P,H, —d,H,H,

d(l;[z =—c,H, +e,d,P,H, —d,H,H,

with initial conditions Pi(0) >0 . Note that the above proposed model has twelve parameters in
all which make the analysis difficult. So in order to simplify the system, the number of
parameters is reduced by using the following dimensionless variables and parameters:

1 C3 _ eldlK d
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Then the non-dimensional form of system (1) can be written as:

dx 1-

a{@—aﬁ)x = F(xy.z,W),
%:(%—az—z—wjy = FK(XY,z,w) (2)
dz

E:(—a3+a4—asw)z = F(Xy,z,w)

dw

E=(—as+a7y—a82)w = F,(Xy,z,w)

with x(0)>0, y(0) >0, z(0) > 0 andw(0) > 0 . It is observed that the number of parameters
have been reduced from twelve in the system (1) to seven in the system (2).

The positivity and boundedness
Theorem 3.1.All solutions of system (2) initiating R; are positive and uniformly bounded.

Proof. Let (x(t),y(t),z(t),w(t)) be one of the solution of system (2), then from non-negative
initial conditions, the interaction functions of the system are continuous and have continuous
partial derivatives on the following positive four dimensional space,

R ={(x, y,z,w) € R*: x(0) 2 0, y(0) > 0, 2(0) > 0, w(0) > 0}.
Hence all solutions starting in R? remain in R?forall t>0. That is it is Lipschitzian on R’

Next, we will prove the boundedness of the solutions.

Let (x(t),y(t),z(t),w(t)) be any solution of the system (2) with non-negative initial condition
(X» Yo 25 W,) € R? . Now according to the first equation of system (2) we have :

% = y(@d-y)—ax. So, by using the comparison theorem on the above differential inequality

with the initial pointx(0) = x, we get: x(t) si+ xo—i e, Thus, lim x(t)siand
4a 4a e 4a,
hence sup x(t) < 4i V>0 ,var>0 : Now define the function:
&
V(t):x(t)+y(t)+%z(t)+aiw(t)and then taken the time derivative of V(t) along the

7

solution of the system (2) we get: O;—\t/£%+x—bv, where b:min{l,ai,ag,ae}. Then
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(jj—\t/+bv <M where M = %+4i Again by solving this differential inequality for the initial
&

M M .
valueV (0) =V,, we get:V (t) SFJ{VO_F}E_M' Then, limV (t) s%,v»o Hence all the
solutions of system (2) are uniformly bounded , hence the theorem.

The existence of equilibrium points

All equilibrium points of system (2) can be obtained by solving the following equations:
[y(l— y) —aljx P

(22X e, —z-wly =0

(—a; +a, —a;w)z =0
(_ae -+ a7y_a82)W =0

These points are as follows:
(1) The trivial equilibrium point Eo (0,0,0,0),
(2) The first equilibrium point E,(x, y,0,0),
(3) the first three species equilibrium point E,(X, Y, Z,0),
(4) the first three species equilibrium point E,(X, y,0, W),
(5) the positive equilibrium point E,(x",y",z",w’),

Where

x:i(l—az)andyzl—a2
&

;:&(MJ, 5% gz - Ml-a)-a
a1a4 a4 a'4 a4
)ﬂ(:i{av ae] y:a6 dA:a7(1 a,) -3
a,a; a; ’ a, a,
. 1—a2+3+3
x*:y—(l—y*)’y*_ % ag,Z*—iy* and W 4y*—i
ai 1+&+a7 a8 a8 a5 a5
a; 8
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Remark 4.1.The equilibrium point Eo = (0, 0, 0,0), which is known as the vanishing point is

always exist.
Remark 4.2.The necessary and sufficient condition for the existence of the first equilibrium
point E1(>_(,9,0,0) ,in Int. R+? of xy—plane isa, <1

Remark 4.3.The first three species equilibrium point E,(X, ¥, Z,0) exists uniquely in Int. R+3
of

xyz—spaceunder the following necessary and sufficient condition :
a, <minfa,,a,(1-a,)}
Remark 4.4.The second three species equilibrium point E,(X, ¥,0, W) exists uniquely in Int.R+>
of xyw—spaceunder the following necessary and sufficient condition:
a, <minfa,,a,(1-a,)}
Remark 5.5.Finally, the positive equilibrium point E,(x",y",z",w") exists in Int.R+*under the
following necessary and sufficient conditions:

8

: a, a a
i) I+—2+—L>1-a,+2+-2
a & a; &

. 8 8 8 &
1-a +2,% 148, 3%
||) a7( a2+a5+a8J>a6(+a5+a8J

a a a
ii) a{l—a2 +%+i} > a{l+i+ij

The stability Property
Local stability Analysis

In this section, we will study the local stability of the equilibrium points of system (2).The
Jacobian matrix J(X, y, z, w) of system (2) is given by:

- 1-y 0 0
—a,—-72-W - -
J(X,y,Z,W) = 21 ? Y y
a,z —a;+a, —aw — a5z
0 a,w —a;W —a;+a,y -3,z
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Proposition 5.1.1.1fa, <1, then Eo is locally asymptotically stable.
Proof. The Jacobian matrix of system (2) at Eo can be written as
-a 1 0 0

a -a O 0

0 0 -a 0
0 0 0 -a

J(Eo) =

Then the characteristic equation of (Eo)is given by: (4 + A1+ B)(-a, — 1)(-a, — 1) =0
Where A=a, +a,, B=a,(a,—1), Here, either (¥ +A1+B)=0 or (-a,—A)(-a,—1) =0

2 / 2
The eigenvalues are A,, =-a,1, 4, = —a;, Ay, =§+%, and 4, :E_¥

Clearly, the trivial equilibrium pointEo (0, 0, 0, 0) is locally asymptotical stable in the

R’ and saddle point otherwise.

Proposition 5.1.2.E; is locally asymptotically stable in the R! ifl_f512 <§/< min{&,ﬁ}
a

=
QD

7
Proof. The proof is the same in the same in proposition 5.1.

Proposition 5.1.3. Ezis locally asymptotically stable if and only if conditions

i) ay<as+agZ,and
i) a,[a,a,+a(l+a)+a,1-a,)]+a >a,(a +2a,) are hold.

Proof.The Jacobian matrix of system (2) at E> can be written as:

-a 1-y 0 0
WEy<| B TR Y Y

0 a,y —a;+a,y -a.z

0 0 0 —a;+a,y—agZ

Then the characteristic equation of J(E>) is given by:
[2+AL2+BA+Cl(-a,+U,§—a,7 —1) =0
Where A :1+a1—§ ,

a4
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B — afa,(a, —1) +2a;] n (& +a,)[a,(1-a,) —a]

CH 4

6 _ a1a3[3-4(1a_ az) - as]

So, either 2+ A2 +BA+C =0 or —a, +U,j—a,Z —A =0

From the second equation we obtain that: A,,=-a,+a,y—a,Z, which is negative if
a,y <a; +3,Z . On the other hand by using Routh-Hawirtiz criterion the first equation has

roots(eigenvalues) with negative real parts if and only if A>0, C >0and A=AB-C >0.
Now a direct computation gives that:

2 2
A = Bl vt aiz rad-a)lral ala +2 23,] So,A >0.Under the condition
a, a,
a,[a,a, +a,(+a)+a,(l—-a,)]+a’ >a,(a +2a,) . And one can easily verify thatA>0,
C > 0from remark 4.3. Then all the eigenvalues Aor Ayand A, of the second equation have

negative real part.So, E> is locally asymptotically stable if and only if the above conditions are
hold. However , it is a saddle point otherwise.

Proposition5.1.4. Es is locally asymptotically stable if and only if conditions

)  ay<a+aw ,and
i) afa(+a +a)+a,(1-a,)]>ala, +a,(2+a,—a,)]are hold.

Proof. The Jacobian matrix of system (2) at E3 can be written as:

-a 1-2y 0 0
WEY<| B TR Y
0 0 —a,+a,y—aw 0

0 a,w — AW —a, +a,y

Then the characteristic equation of J(Es) is given by:

[£+ A2 +BA+C](-a, +u,y—aW—A1)=0

Where A=1+a — 2%
q

— ai[a7(a2 _1) + 23-2] + (ae — ai)[a7 (1_ 3.2) — ae]
& &

B
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C = a1a6[a7(1_a2) _ag] _ a1(1+ az)[a7 — 2a6]
& a,

So, either 2+ A# +BA+C=00r—a,+u,y—aw-A=0. From the second equation we
obtain that: 4,, = —a, +a,y —a,w, which is negative provided thata,y < a, +a,w. On the other

hand it is easy to verify that A>0, C>O0by remark 4.4. WhileA = AB—C > 0under the
condition: a,[a,(1+ &, +a;) +a,(1—a,)] > a;[a, +a,(2+a, —a,)] . Then all the eigenvalues 4,, ,

A, and 4, of the second equation have negative real parts. So, E3 is locally asymptotically
stable if and only if the above two conditions are hold. However, it is a saddle point otherwise.

Theorem 5.1.5. Assume that the positive equilibrium point E,(x",y",z",w") of system (2)
exists

in IntR? . Then it is locally asymptotically stable provided that the following
conditions hold:

2 Aty
I) Ty <—
3
s 2T,,T
< Slaalss
3

i) Ty

2 2TyT,
i) T <
2
iv) T33las < T3y
Where, 7, =a, ,=a,+1-2y", 7, =8, +2 +W , 75=8,2" -y 7, =a,W —Y",
T3 =8, =8,y +a8W , 7T =82 —aW , 7,y =8, —a,y +8Z

Proof.The Jacobian matrix of system (2) at E3 can be written as:

-a 1-2y° 0 0
NEY=| B TRV Y Y

0 a,y —a;+a,y —aw — 857

0 a,w’ — ;W —a;+a,y —a,2"

One can easily verify that, the linearized system (2) can be written as:

% = z—? = J(E,)S Here, X =(x,y,z,w)and S =(s,,S,,S5,5,)"

Where, s, =% —X",S, =% —X, , S;=X—X, and s, =X, —X,” .Now
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Consider the following positive definite function:

2 2 2 2
Y, =%+%+%+%.Clearly,v :R! > Sand a C! positive definite function. Now by
differentiating V with respect to time t and doing some algebraic manipulation give that:
dv 2 2 2 2
at =TS 70555, =TS, + 735,53 + 724555, — T33S; + 734535, — TusSy
Now it is easy to verify that the above set of condition guarantee the quadratic term given
below:

dv _ Vo | [Vm. V.| [Vm. Vru. | [V, Jru. |
E‘_[ﬂsl_f%} {ﬁsz_ﬁ%} {Jész_ﬁs“ R R

So, Oclzl_\t/ is negative definite, hence V isa Lyapunov function. Thus,Ea4 is locally asymptotically

stable and the proof is complete.
Global Stability Analysis

In this section the global stability analysis for the equilibrium points, which are locally
asymptotically stable, of system (2) is studied analytically with the help of Lyapunov method
as shown in the following theorems.

Theorem 5.2.1. Assume that the equilibrium point Eo (0, 0, 0,0) of system (2) is locally
asymptotically stable in the R+* Then the equilibrium point Eo of system (2) is globally
asymptotically stable.

Proof. Consider the following function

V, =kx+k,y+k;z+k,w, wherek,k,,k;, and k, are positive constants to be determined.

Clearly, V, : R? — S and a C! positive definite function. Now by differentiating V, with respect

to time t and doing some algebraic  manipulation, give that:
dVv,
d_tl =ky(d-y)+ak, —k)Xx—ka,y +(ka, —k,)yz—k,a,y +
(k4a7 - kz)yW_ k3a32 - k4a6W_ (k3a5 + k4as)WZ
By choosing k, =k, =1, k; = S k, = S .We get: % < —(a, —1)y . Then we obtain that %
a, 7

is negative definite and henceV,is a Lyapunov function. Thus Eo is globally asymptotically
stable and the proof is complete.

Theorem 5.2.2.Assume that the equilibrium point El(Q,y_/,0,0) of system (2) is locally

asymptotically stable in the IntR+? , Then E; is globally asymptotically stable on any region
QicIntR.? that satisfies the following three conditions:
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Y x=x <{ =9 (%) - /ai_xz(y—b}
XX XX yy

V,(X,Y,Z,wW) = kl(x—;<—>_(ln é}rkz[y—?—;ln lj+k3z+k4w
X y

Proof. Consider

wherek;,k,,k,,and k,are positive constants to be determined.Clearly, V,: R’ —S and a C*
positive definite function. Now by differentiating V, with respect to time t and doing some
algebraic manipulation, give that:

de (X X) y kl kl(y—‘r;/) kzai o N 9 o aix
V=AY A R - —y) -k —=(x-x)* -k,
o k, XX {X X + y }(x X)(y-y) 1XX(X X)° vy (y-y)

ko B (= X)(y = V) — Ky (Y = V)2 =k, (Y — Y)W~ kya,z + kea,y
- k4a6W+ k5a7 yw-— (kaas + k4a8)WZ

k3:i, k4:i.Weget:
a

EH

%o [Ean- [y SR [oa), s,
yy XX a,y a,y

So, according to proposition 5.2.1, we obtain that:

By choosing k, =1 , k, =

< |~

2
2 V2
[1{ —(x— x) _2(y y)] w However, the first two conditions
\/ XX

guarantee the completeness of the quadratic term between x . So, if the third condition holds
. dv, . . . . .
then we obtain thatd—t2 is negative definite on the region Qi and hence V> is a Lyapunov

function defined on the region Q1. Thus E1 is globally asymptotically stable on the region Q1
and the proof is complete.
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Theorem 5.2.3. Assume that the equilibrium point E,(X, Y, Z,0)of system (2) is locally

asymptotically stable in IntR.3. Then E: is globally asymptotically stable on any region
Q,cIntR.3 that satisfied the following three conditions:

1_;_&_@32@
X y X Xy

y+y 1a1
—~Xy

X

yYex) {\/z(xﬂ)—\/g(y—y)}
X XX vy

. azZ - a
In addition to these ==+ y < —2 also true.
a, a,

Proof. The same as the proof of theorem 5.2.1, above.

Theorem 5.2.4.Assume that the equilibrium point E,(X, y,0,w)of system (2) is locally

asymptotically stable in IntR+® .Then E3 is globally asymptotically stable on any region
QscIntR.S that satisfy the following three conditions:

l_u+i<2 i
X X y  \xy

<
) | +

<)
X | =

< |\&

M{ﬁ(x—i)— a%(y—?)}
XX XX yy

In addition to these conditions, % W+ Yy < & also holds.
a, a,

Theorem 5.2.5. Assume that the equilibrium point E,(x",y",z",w") of system (2) is locally

asymptotically stable in IntR:+* .Then E4 is globally asymptotically stable on any region
QucIntR.* that satisfy the following three conditions:

E_M+i<2 a
X X" y  \xy

y+y'
X

< |~
< |
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y2 “—(x=Xx")? +(1+—J(wzwz)<{\/7(x X") -
xx"

Proof. Consider the following functions

V(X Y, Z,w) = k{x—x4 - X, In i]+ kz(y— y,— VY, In l]+ k{z -2,-12,In i]
X y

4 4 Z4

K In
+k, | w—w, —w, In —

W,

(y y)}

wherek,,k,,k,, and k, are positive constants to be determined.

Clearly, V, : R* — Rand a C! positive definite function. Now by differentiating V, with respect
to time t and doing some algebraic manipulation, give that:

CUS A 2+{ﬁ_kl<y+y*)+kzal}
X y

dt X"

+k;%(x— XY =¥ = (Kyag + kea, )W - W) (2 —2%) + (K, a, —K,)(y =y )(w—w")
+(kga, —K,)(y-y")(z-7")

By choosing k, =k, =1, k, :i k, = 1 , We get:
a, a

{ ——(x=x)-

However, the first two conditions guarantee the completeness of the quadratic term between

+a5)(Wz" +w'z)

(y y)}

v

xa . So, if the third condition holds then we obtain that% is negative definite on the region

Qs and hence V3 is a Lyapunov function defined on the region Qs. Thus E4 is globally
asymptotically stable on the region Qsand the proof is complete.

CONCLUSION AND FUTURE WORK

In this paper, we have considered a prey-predator system incorporating a stage structure of
prey. It is assumed that the predator species prey upon the prey according to Lotka-Voltera
type of functional response. The existence, uniqueness and boundedness of the solution of the
system are discussed. The existence of all possible equilibrium points is studied. The local and
global dynamical behaviors of the system are studied analytically. For the future, a numerical
simulation has to be done for system (2) for different sets of parameters and different set of
initial points to confirm the obtained analytical results.
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