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ABSTRACT: This work deals with the stability of solutions of the nonlinear third order 

autonomous ordinary differential equation ⃛       ̇  ̈   . By constructing suitable 

Liapounov functional, the sufficient conditions for the ordinary stability and asymptotic 

stability of the trivial solution  ̅        ̅  to the differential equation are established. 
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INTRODUCTION 

 

The differential equation under consideration is  ⃛       ̇  ̈   …(1.1) 

A simple case of (1.1) is when      ̇  ̈  is linear of the  form 

     ̇  ̈         ̈     ̇       so that       becomes   

 ⃛     ̈     ̇          ………………………………………..………(1.2) 

where a, b, c are constants. (1.2) is a well known case by Routh [4] in which the trivial 

solution  ̅        ̅  is asymptotically stable provided the Routh – Hurwitz criteria    a >  0, c >  

0,  ab – c  >  0  are satisfied. 

Now, Barbasin [ 1 ]  replaced   ̇ by a nonlinear function     ̇  and cx by a nonlinear 

function h(x)  in (1.2) to obtain 

  ⃛     ̈      ̇             ………………………………………….(1.3) 

and established the asymptotic stability of the trivial solution to (1.3) by a suitability 

Liaponouv functional. Simanov [ 5 ] treated the case of replacing a in (1.2) by a variable 

function      ̇ , but leaving b, c to remain constant in (1.2) to obtain  ⃛        ̇  ̈     ̇  
         ….(1.4)  

Again by using a suitable Liapounov functional he established the asymptotic stability of the 

trivial solution to (1.4). Then Ezeilo [2 ] combined (1.3) and (1.4) to obtain 

 ⃛        ̇  ̈      ̇             …………………………………… (1.5) 

with the aim of investigating the asymptotic stability of the trivial solution  

 ̅        ̅   to  (1.5) and to establish further generalizations of the results of (1.2), (1.3) and 

(1.4), and which he did by using a suitable Liapounov functional. In this paper I decided to 

work on equation (1.1), that is,  

 ⃛        ̇  ̈      , which is equivalent to the replacement of   ̈    ̇      in (1.2) by a 

non-linear (variable) function       ̇  ̈ , and which is  a more general form of all of (1.2), 

(1.3), (1.4) and (1.5) and with the intention to investigate the sufficient conditions for the 

ordinary stability and asymptotic stability of the trivial solution  ̅        ̅   to (1.1). 

To achieve our objective, we require the following definitions and theorems. 

 

Definitions 

Let           be a scalar function. 
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Definition 1:   V is positive definite if     ̅       and     ̅      in some deleted 

neighbourhood, D, of the origin  ̅.           ̅          { ̅}. 
Definition 2:  V is positive semi-definite if     ̅       and    ̅    in some deleted 

neighbourhood, D, of the origin  ̅ .  

Definition 3:  V is negative definite if     ̅       and     ̅     in some deleted 

neighbourhood, D, of the origin  ̅ . 

Definition 4: V is negative semi-definite if     ̅       and     ̅     in some deleted 

neighbourhood, D, of the origin  ̅ . 

Definition 5:  V is indefinite if it is neither definite nor semi-definite. 

3.   Liapounov’s Stability Theorems for the Direct Method. 

In the sequel, we shall need the following stability theorems due to A.M. Liapounov [ 3 ]. 

Theorem 3.1: Liapounov’s stability Theorem [ 3 ]  

Consider the autonomous differential system   ̇̅        ̅ ̅      ̅  ̅      ̅.  

Suppose there exists a positive definite functional  

            such that its time derivative   ̇  ̅    grad         ̅ ̅  along solution paths is 

negative semi-definite, then the trivial solution  ̅        ̅ is stable. 

Theorem 3.2:   Lyapounov’s Asymptotic stability Theorem [ 3 ]  

Consider the autonomous differential system    ̇̅        ̅ ̅      ̅  ̅      ̅ . 

Suppose there exists a positive definite functional            such that its time derivative  

 ̇  ̅    grad         ̅ ̅  along solution paths is negative definite, then the trivial solution  

 ̅        ̅  is asymptotically stable. 

Theorem 3.3:   Lapounov’s Instability Theorem [ 3 ]  

consider the autonomous differential system  ̅        ̅ ̅       ̅ ̅      ̅ 

Suppose there exists a positive definite functional            such that its derivative, 

 ̇  ̅    grad         ̅ ̅  along solution paths is positive definite, then the trivial solution 

 ̅        ̅ is unstable 

4.   The Main Result 

Theorem 4.1:   The trivial solution  ̅        ̅  to the third order nonlinear ordinary differential 

equation given by   ⃛        ̇  ̈  = 0  …………(4.1) 

(1)  is ordinarily stable in the sense of Liapounov if  

(i) 
        

 
   

 

 
           

(ii) 
        

 
   

    

 
             ………………………………….(4.2) 

2.      is asymptotically stable in the sense of Liapounov if  

(i) 
        

 
              

(ii) 
        

 
   

  

 
             ………………………………….(4.3) 

(iii) 
        

 
   

    

  
        

Proof: 

An equivalent  3 – system to (4.1) is  

 ̇                 

 ̇        =    z 

 ̇        =            ̇  ̈           ……………………………………………..(4.4) 

 =             
Take the quadratic form               as  

V(x,y,z) = 
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                     ∫ ∫ ∫               
 

 

 

 

 

 
    

Where, without loss of generality                                      ……………(4.5) 

    ∫ ∫ ∫                  
 

 

 

 

 

 
  

Take the time derivative of V along solution paths to obtain   

 ̇         =     ̇     ̇      ̇     ̇     ̇ 

   ̇     ̇    ̇     ̇    ̇ ∫ ∫             
 

 

 

 

 

    ̇ ∫ ∫                ̇
 

 
∫ ∫             

 

 

 

 

 

 
  

=            [         ]                                          

   [         ]        [         ]    ∫ ∫             
 

 

 

 
  

   ∫ ∫               [         ] ∫ ∫              
 

 

 

 

 

 

 

 
                 

 =                                            

                  ∫ ∫             
 

 

 

 
  

   ∫ ∫             
 

 

 

 
          ∫ ∫             

 

 

 

 
          …….(4.6) 

 

Case 1:  For ordinary Stability. 

Set   A  =  C  =  F  =  1;  B  =  2  and D  =  E  =  G  =  0  in (4.5) and (4.6) to obtain .  

 ̇         =                                

  = 
 

 
    

 

 
               

 
              

 
   

  =    *
        

 
 

 

 
+    *

        

 
  

  

 
  +  

  =    *
        

 
 

 

 
+    *

        

 
  (

    

 
)+   

  Which is negative semi-definite, provided              …(4.7) 

  
        

 
   

 

 
         and 

        

 
 

    

 
      .  

and               
 

 
      

 

 
         

   = 
 

 
   

 

 
    (

 

 
      

 

 
  )   

   = 
 

 
   

 

 
    

 

 
            

  = 
 

 
   

 

 
    

 

 
     2

   

   Which is positive definite.          ……………………(4.8) 

Now, by (4.8) V is positive definite and by (4.7)  ̇ is negative semi-definite; hence by 

Theorem 3.1 the trivial solution   ̅        ̅  to (4.1) is ordinarily stable in the sense of 

Liapounov, provided  

(i) 
        

 
   

 

 
         and  

(ii) 
        

 
 

    

 
         

and  with              
 

 
      

 

 
     2

 as a valid Liapounov functional. 

Case 2:  For asymptotic stability. 

Set A  =  C  =  2;  B  =  E  =  F  =  1; D  =  G  =  0  in (4.5) and (4.6) to obtain    

 ̇         =  2                                          .  
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=            

 
   *

        

 
 

  

 
+    * 

         

 
 

 

 
 

 

 
  + 

  =           

 
     *

       

 
 

  

 
+    *

         

 
 

      

 
+      

which  is negative definite, provided                                                  .(4.9)  
        

 
          

        

 
 

  

 
       

        

 
 

    

  
        

and                  
 

 
             

   = 
 

 
   

 

 
   

 

 
   

 

 
   

 

 
           

   = 
 

 
   (

 

 
      

 

 
  )  (

 

 
      

 

 
  ) 4 

   = 
 

 
   

 

 
            

 

 
             

= 
 

 
   

 

 
       

 

 
     2

   

   which is positive definite.                  ……………(4.10) 

Now, by (4.10) V is positive definite and by (4.9)   ̇  is negative definite; hence by theorem 

3.2 the trivial solution   ̅        ̅  to (4.1) is asymptotically stable in the sense of Liaponov, 

with  

            
 

 
   

 

 
       

 

 
        as a a valid Liapounov functional  provided 

that: 

(i) 
        

 
              

(ii) 
        

 
   

  

 
              

(iii) 
        

 
   

    

  
        

 

REFERENCES 

 

[ 1 ] Barba ̌in E. A.,  Uchenye Zapiski (1949) 110 – 34 ( in Russian)  

[ 2 ] Ezeilo  J.O.C (1964). On the stability of solutions of certain differential equations of the 

third order. 

http://qjmath.oxfordjournals.org/cgi/pdf_extract/11/1/64. 

[3 ]  Lyapunov A.M. The General Problem of the stability of Motion (in Russian) , Doctoral 

dissertation, Univ. Kharakov 1892. English translations: (1) Stability of Motion, 

Academic Press, New York & London, 1966. 

[ 4 ]   Routh E.J., A treatise on the stability of a given state of motion (London, 1877). 

[ 5 ]   ̌imanov  S.N., Akad. Nauk SSSR, Prikl. Mat. Meh.17(1953)369-72(in Russian). 

 

 


