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ABSTRACT : In  this  paper  we  present  a  new  design  for  Binary  Linear  Block  code (BLBC)  

by  using  the  coupled  matrices  of  Hadamard  rhotrix  . The  Hadamard  rhotrix  of  order  3  , 5  , 7 

, 9 are  used  to  explained  our  design  ,as  well  as   theorems  and  propositions  are  given  for  this  

design  to  the  Binary  Linear  Block  code (BLBC)  with  proofs .    
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INTRODUCTION 

 

Rhotrix  is  a  new  concepts  introduced  in  the  literature  of  mathematics  in  2003  [1] . It  is  a  

mathematical  object  which  is  , in  some  way  between  2*2  - dimensional  and  3*3 – dimensional  

matrices . A  rhotrix  of  dimension  3  is  defined  as  : 

 

𝑅𝐻3 =< 𝑎2

𝑎1

𝑎3

𝑎5

𝑎4 >                .     .    . (1) 

Where  𝑎1 ,  𝑎2 , 𝑎3 , 𝑎4 , 𝑎5  ∈ 𝑅 . A  rhotrix  of  higher  order  is  defined  in  [7] . Algebra  and  analysis  

of  rhotrices  is  discussed  in  the  literature  [1-3,5-15] . Hadamard  rhotrix  over  finite  field  is  

defined  in  [14-15] . Hadamard  rhotrices  were  used  in  construct  of  Balanced  Incomplete  Block  

Design (BIBD) [13] . 

The  Hadamard  rhotrix  of  order  n  is  defined  as : 

𝑅𝐻𝑛 =< 𝑎𝑑,1

𝑎𝑑−2,1

𝑎𝑑−1,1

𝑎𝑑,2

     

.

.
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..
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𝑎12

𝑎22.
..
.

𝑎𝑑−2,𝑛

    

.

.
𝑎3,𝑛−1
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𝑎1,𝑛−1
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    𝑎1,𝑛 >     .   .  . (2) 

 

Two  coupled  matrices  of  eq.(1.2)  are  : 

𝑉1 = [

𝑎11 𝑎12

𝑎31 𝑎32

.  .  . 𝑎1𝑛

.  .  . 𝑎3𝑛.  .  . .  .  .
𝑎𝑑,1 𝑎𝑑,2

.  .  . .  .  .

.  .  . 𝑎𝑑,𝑛

]       .   .  .  (2𝑎) 
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𝑉2 = [

𝑎21 𝑎22

𝑎41 𝑎43

.  .  . 𝑎2,𝑛−1

.  .  . 𝑎4,𝑛−1
.  .  . .  .  .

𝑎𝑑−1,1 𝑎𝑑−1,2
    

.  .  . .  .  .

.  .  . 𝑎𝑑−1,𝑛−1

]            .    .   .  (2𝑏) 

Example (1) : Let  𝑅𝐻3  be  a  Hadamard  rhotrix  of  order  3  defined  as  : 

𝑅𝐻3 =< 0    
1
0
1
   0 >          .    .    .  (3)  

The  coupled  matrices  in  𝑅𝐻3  are  : 

𝑉1 = [
1 0
0 1

]                         .     .    . (3𝑎) 

𝑉2 = [ 0 ]                              .   .   .  (3𝑏) 

Having  order  2  and  0  respectively . 

Example (2) : The  Hadamard  rhotrix  of  order  5  is  defined  as  : 

𝑅𝐻5 =< 1   
0
0
0
   

1
1
1
0
1

    
0
1
0
  1 >               .    .   .  (4)   

The  coupled  matrices  in  𝑅𝐻5  are  : 

𝑉1 = [
1 0 1
0
1

1
0

0
1
]                               .     .     .  (4𝑎) 

      𝑉2 = [
1 1
0 0

]                                          .       .      . (4𝑏)   

Having  order  3  and  2  respectively. 

Example (3) : Let  𝑅𝐻7  be  a  Hadamard  rhotrix  of  order  7  defined  as  : 

𝑅𝐻7 =< 0   
1
1
0
   

0
0
1
1
1

   

1
1
1
1
1
1
1

   

0
1
1
1
0

   
1
1
1
   1 >                   .     .     .  (5) 

Two  coupled  matrices  of  𝑅𝐻7  are  : 

𝑉1 = [

1 0 1 1
0
1
0

1
1
0

1
1
1

1
0
1

]                                          .       .        . (5a) 

𝑉2 = [
1 1 1
0
1

1
1

1
1
]                                                 .       .       .  (5𝑏) 

Having  order  4  and  3   respectively  . 

Example (4) : Let   𝑅𝐻9  be  a  Hadamard  rhotrix  of  order  9  defined  as  :   
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𝑅𝐻9 =< 1  
0
1
0
  

0
1
1
0
1

   

1
1
1
1
1
1
1

   

1
0
1
1
1
1
1
1
1

   

1
1
0
1
0
0
0

   

1
1
1
1
1

  
1
1
1
  1 >                   .       .       .     (6) 

Two  coupled  matrices  of   𝑅𝐻9   are  : 

𝑉1 =

[
 
 
 
 
  1  1  1  1 1
  1
  0
  0
  1

 

1
1
1
0

 

0
1
1
1

 1
0
1
1

1
1
0
1]
 
 
 
 

                    .     .     .       (6𝑎) 

𝑉2 = [

0 1 1 1
1
1
1

1
1
0

0
1
1

1
0
1

]                                   .     .     .   (6𝑏) 

Having  order  5  and  4  respectively . 

Binary  Linear  Block  Code (BLBC) 

In  this  section  ,  we  shall  review  the  some  basic  definitions  and  properties  of  Binary  Linear  

Block  Code  ,  which  are  used  further  in  this  paper . 

Definition(1): An  (r , s)  binary  linear  block  code  is  a  s-dimensional  subspace  of  the  r-

dimensional  vector  space  Pr ={c = (c0 , c1 , .   .  . , cr-1 ) / ∀ cj , cj ∈ { 0, 1}=GF(2) } ;  r  is  called  the  

length  of  the  code  , s th  dimension . 

Definition(2): An (r , s)  BLBC  can  be  specified  by  any  set  of  s linear  independent  codeword  

c0 , c1 , .   .  . , cs-1  . If  we  arrange  the  s  code words   in  to  a  s*r  matrix  G  ,  G  is called  a  generator  

matrix  for  code  C. 

Definition(3):  Let  u=(u0 , u1 ,  .  .  .  , us-1 ) , where uj ∈ GF(2) , then :  c=(c0 , c1 , . .  . , cr-1 )=uG 

Definition(4):  Let G= [ Is :  A ] . Since  c Ht = u G Ht =0 , G Ht  must  be  0  .If  H = [- At : Ir-s  ]  

Then  G Ht  = 0s*(r-s)  ,  thus  the  above  H  is  called  the  parity  - check  matrix . 

Definition(5):  The  Hamming  distance  between  two  code words  c  and z   is  defined  as  dH(c , z) 

=  the  number  of  components  in  which  c  and  z  are  differ . 

Definition(6):The  minimum  distance  dmin  of  a binary  code  C , is  the  smallest  distance  between  

two  distinct  code  word  :  dmin = min {  dH(c , z) / c , z ∈  C ,  c≠z } . 

Definition(7):  A  BLBC  with  minimum  distance  dmin can  correct  all  error  patterns  of  weight  

less  than  or  equal  to  t = [ (dmin -1) /2 ] , where  t  is  called  the  error  correction  capability  of  a  

code  C .   

Definition(8):  A  binary  block  code  C(r,s)  of  length  r  and  r = 2s  code words  is  called  linear  if  

its  2s  code words  form  a  s- dimensional  subspace  of  the  vector  space  Pr  of  r- tuples   over  the  

field  GF(2) = { 0, 1}. 

Theorem(1)[4]:  A  binary  code  C  can  correct  up  to  t –errors  in  any  code word  iff   dH(C)  ≥  

2t+1 . 
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Description of the design: 

Consider  the  Hadamard  rhotrix  𝑅𝐻𝑛 of  order  n  with  their  two  coupled  matrices 𝑉1  and  𝑉2  , 

then  ,  we  will  have  two  generating   matrices  of  the  form  :   

G1 =[  I1 : 𝑉1]   and  G2 = [ I2 : 𝑉2 ] ,  where  I1  and  I2  are  the  identity  matrices  their  orders dependent  

on  the  order  of  𝑉1  and  𝑉2 respectively  with  their  parity  check  matrices  of  the form : H1 = [- 𝑉1
𝑡 

: I1 ]  and  H2 =[ - 𝑉2
𝑡 : I2 ]  .  Also  , the  code words  can  be  represented  by : c1 = uG1   and  c2 = vG2  

, where  u and v ∈  GF(2) and  their  lengths  dependent  on   the  order  of  𝑉1  and  𝑉2    respectively 

. 

Note :  In  our  work  we  used  MATLAB  program  to  find  the  code C  and  their  minimum  

Hamming distance ( dmin ) . 

 

Figures :(1),(2),(3),(4)   respectively shows  the  design  of  binary  linear  block  code  based  on  

Hadamard  rhotrix  of  order  3 , 5 , 7 , 9   respectively  in  above  examples  with  their  minimum  

Hamming  distance  and  the t- error  correction  capability  of  a  code C .  

  

 Code words ( C ) dmin t = [ (dmin -1) /2 ] 

c1 = uG1 {0000,0101,1010,1111} 2 0 

c2 = vG2 {0} 0 0 

 

Figure(1) : Binary  linear  Block  code C  based  on 𝑅𝐻3 . 

 

 Code words( C ) dmin t = [ (dmin -1) /2 ] 

c1 = uG1 {000000,001101,010010,011111,10010

1, 101000,110111,111010} 

2 0 

c2 = vG2 {0000,0100,1011,1111} 1 0 

 

Figure(2) : Binary  linear  Block  code C  based  on 𝑅𝐻5 . 

 

 Code words( C ) dmin t = 

 [ (dmin -1) /2 ] 

c1 = uG1 {00000000,00010011,00101110,00111101,0100011 

1, 01010100,01101001,01111010,10001011,100110 

00, 10100101,10110110,11001100,11011111,11100 

010, 11110001} 

3 1 

c2 = vG2 {000000,001111,010011,011100,100111,101000,11 

0100, 111011} 

2 0 

 

Figure(3) : Binary  linear  Block  code C  based  on 𝑅𝐻7 . 

 

 Code words ( C ) dmin t = 

 [ (dmin -1) 

/2 ] 

c1 = uG1 {0000000000,0000110111,0001001110,0001111001,0010001101, 3 1 
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0010111010,0011000011,0011110100,0100011011,0100101100,0 

101010101,0101100010,0110010110,0110100001,0111011000,01 

11101111,1000011111,1000101000,1001010001,1001100110,101 

0010010,1010100101,1011011100,1011101011,1100000100,1100 

110011,1101001010,1101111101,1110001001,1110111110,11110 

00111,1111110000} 

c2 = vG2 {00000000,00011011,00101110,00110101,01001101,01010110,01 

100011,01111000,10000111,10011100,10101001,10110010,11001 

010,11010001,11100100,111111111} 

4 1 

 

Figure(4) : Binary  linear  Block  code C  based  on 𝑅𝐻9 . 

 

Theorem(1):  All  the  binary  block  code  C  which  generating  by  the  coupled  matrices  of  

Hadamard  rhotrix  of  order  3  ,  5  ,  7  ,  9  respectively  are  linear . 

 

Proof:  Consider  the  binary  block  code  C  which  generating  by  the  coupled  matrices  of  

Hadamard  rhotrix  of  order  7  in  figure (3) : 

We  need  to  show  that  :  ∀   code  words  x  ,  y  ∈  C   and  every  scalar  β ∈  {0,1}  ,  it  holds  that  

:  x + y ∈  C  ,  and  β * x  ∈  C .  

However  ,  this  follows  immediately  from   x + y = z  ∈  C  ,  z  is  a  linear  compensation  of  x  

and  y   . 

And   β * x   belongs  to  C  ,  since  :   

Case(1) : if   β = 0  ,  then  ,  β * x  =  0 * x = 0 ∈  C . 

Case(2) : if   β = 1  ,  then  ,  1 * x  =  1  * x = x ∈  C . 

By  using  the  same  processing  for   the  binary  block  code  C  which  generating  by  the  coupled  

matrices  of  Hadamard  rhotrix  of  order  3  ,  5  , 9  respectively  are  linear .  

 

Lemma(1) : For all  the  binary  block  code  C  which  generating  by  the  coupled  matrices  of  

Hadamard  rhotrix  of  order  3 , 5  , 7, 9  respectively  , are  contains   the  zero  code word  0 . 

Proof: We  will  give  the   proof  ,  in  general  case  : 

Let  x  be  a code word  in  C  .  Since  C  is  a  Linear  block  code  ( by  using  theorem  (2) ) ,  then   

x + x  =  0 . 

 

Proposition(1): 

1. For  the  code  C  in  figure (1)  (c1 = uG1) , we  have  r =4  ,  s= 2 . 

2. For  the  code  C  in  figure (2)  (c1 = uG1)  :  we  have  r = 8  ,  s= 3  , and  (c2 = vG2) :   we  have  r =4 

, s= 2 . 

3. For  the  code  C  in  figure (3)  (c1 = uG1)  :  we  have  r = 16  ,  s= 4  , and  (c2 = vG2) :   we  have  r 

=8 , s= 3 . 

4. For  the  code  C  in  figure (4)  (c1 = uG1)  :  we  have  r = 32  ,  s= 5  , and  (c2 = vG2) :   we  have  r 

=16 , s= 4 . 

Proof: 

In general  proof :This  is  immediate  from  the  dimension  of  generator  matrices G1  and  G2 . 



International Journal of Mathematics and Statistics Studies 

Vol.3, No.4, pp.4- 10, July 2015 

               Published by European Centre for Research Training and Development UK (www.eajournals.org) 

9 
ISSN 2053-2229 (Print), ISSN 2053-2210 (Online) 
 

 

Lemma(2):  The  minimum  Hamming  distance  of  code  C  in  our  design  is  3  or  4 . 

Proof:  The  parity  check  matrices  H1   and  H2  for  the  code  C  have  columns  which  are  all  

nonzero  and  no  two  of  which  are  the  same  . Hence  C  code  can  correct  single  error  .By  

theorem (1) can  correct  1-error  ,  as  well  as  ,  we  conclude  that  the  minimum  Hamming  distance  

of  C  code  is  at  least  3  or  4 .  

 

CONCLUSION: 

In  the  present  paper  ,  we  have  used  the  Hadamard  rhotrix  with  its  coupled  matrices  to  design   

Binary  Linear  Block  Code (BLB)  . Since  this  code  can  correct  single  error  , then    the  Binary  

Linear  Block  Code (BLB)    code  is  belong  to   error -  correcting  code  which  has  useful  

applications  in  communication  system . 
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