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ABSTRACT: This research article established the global computational structure of solution
matrices for single—delay autonomous linear neutral equations. The development of the
solution matrices exploited the continuity of these matrices for positive time periods, the
method of steps, change of variables and theory of linear difference equations to obtain these
matrices on successive intervals of length equal to the delay h.
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INTRODUCTION

Solution matrices are integral components of variation of constants formulas in the
computations of solutions of linear and perturbed linear functional differential equations. But
quite curiously, no other author has made any serious attempt to investigate the existence or
otherwise of their general expressions for various classes of these equations. Effort has usually
focused on the single — delay model and the approach has been to start from the interval [0, h]
, compute the solution matrices and solutions for given problem instances and then use the
method of steps to extend these to the intervals [kh,(k +1)h], for positive integral k, not
exceeding 2, for the most part. Such approach is rather restrictive and doomed to failure in
terms of structure for arbitrary k . In other words such approach fails to address the issue of the
structure of solution matrices and solutions quite vital for real-world applications.

THEORETICAL UNDERPINNING

It is a herculean task to compute the solution matrices of linear autonomous delay differential
equations from the governing equations, from one interval to the next successive interval of
size equal to the delay. Worse still, it is impossible to obtain these matrices on non-contiguous
intervals using the afore-mentioned equations. This is a severe constraint imposed by method
of steps. This can only be mitigated through the construction of optimal expressions for such
matrices, which can be used to obtain such matrices on arbitrary intervals. Therefore, the need
for this article is imperative. With a view to addressing such short-comings, Ukwu and Garba
(2014w) blazed the trail by investigating the structure of the solution matrices of the class of
double — delay scalar differential equations:

X(t) = ax(t) + bx(t —h) + cx(t— 2h), t e R,
where a, b and c are arbitrary real constants.
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METHODOLOGY

By deploying ingenious combinations of summation notations, multinomial distribution,
greatest integer functions, change of variables techniques, multiple integrals, as well as the
method of steps, Ukwu and Garba (2014) derived the following optimal expressions for the
solution matrices:

e’ ted,;
Y(t)= N 5
® eat+zk:bi (t_'h) palt- .h)+[[2ﬂk2J ' t [i+2 ]h)'ﬂ a(t-[i+2jIn)). ted, k>1
— il & St J =

This article makes a positive contribution to knowledge by establishing the expressions for the
solution matrices of linear neutral equations on(—oo, 5h]; in the sequel the article derived the

optimal computational structure of such matrices on the interval (—oo,oo), laying the issue to
rest once and for all.

RESULTS

Observe that the above piece-wise expressions for Y (t) may be restated more compactly in the form

Il
Y(t) _ 2] k- 2Jd t [|+2j]h)l+1 a(t-[i+2j1n)) sgn(max{k+1 O}) ;tEJk,kZO

j=0 i=0

Let Y, ;(t—ih) be a solution matrix of

X(t) =a  x(t—h)+ayx(t) +ax(t—h), @
on the interval J,_, =[(k—i)h, (k +1-i)h],k €{0,1--3},i €{0,1, 2}, where
1,t=0
Y :{O,t <0 @)

Note that Y (t) is a generic solution matrix for any t e R.
The coefficients a_,a,, a,and the associated functions are all from the real domain.
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Theorem on Y (t)
For tel, ke {0,1,2,3,4,5},

Y () =e* + iw(t —ih)' e sgn(max{0,k})

k-1

+Y (a8, +a)E—[i+1h)e™!

i=1

t-[i+1]h)

sgn (max {0,k —1})

+a,(a 8 +a) (t-3n) e®"*" sgn(max {0,k - 2})

3 (t_4h)3 3 2 2 2 | g2o(t-4h)
+|a, (a8, +a) +§a_l(a_1ao+a1) (t—4h)" e sgn(max {0,k —3})
t—5h)’
aﬁl(aﬁlaﬂ +a1)4 ( 8 ) t-5h
+ e sgn (max {0,k —4})

+§a21(a1a0 +a,)’(t-5h)"+2a% (a3, +a)’ (t-5h)’

Proof
On (0,h) = J,,Y(t—h)=0=Y(t) =a,Y (t) ae. on [0,h] =Y (t) =Y,(t) =e*'C;Y(0) =1=C =1

=Y (t)=e* on J, =[0,h], as in the single - and double - delay systems.
Consider the interval (h,2h). Then
t—he[0,h]=Y({t-h)=e*"" =Y ({t—h)=Ae* ™" =Y ({t)-aY(t)=(aa +a)e*"™

= %[e‘aotY (t)] —e ™ [Y (t)—a,Y (t)] = (af1ao n ai)ea(,(t—h)

t t
— e Y (t)—e " (h) = je‘aos (a,a,+a,)e**Vds = I e ™" (a,q,+a,)ds
h h

=Y (t)=e*“"Y (h)+(a,a, +a, )t —h)e* ™ =e* +(a_a, +a, ) ({t—h)e**™, on J,.
ted,=>t-hel, =Y ({t-h)=e*""+(a,a,+a )(t—2h)e** ", on J,.

_dp _ ;

On J, ,k > 2, the relation a[e aty (t)] —e ™ [aiY (t—h)+a,Y(t- h)] a.e.
t

=Y (t) = e* Y (kh) + j e*[ayY(s—h)+a Y (s-h)]ds ©)
kh

teJ,=>t-hel,2held, =Y({t-h)=e*""+(a,a,+a)({t—2h)e***" on J,.
Y (2h) =e®**" +(a_a, +a, )he™"
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t

=Y(t)=e* " [e™*" +(aa, +a,)he*" |+ j e®(Va [e*¢ ™ +(a 3, +a,)(s—2h)e***" |ds

2h

t
+ [er [al %[e‘%(s‘“) +(a,8, +2,)(s—2h)e* 2 ﬂ ds

2h

t
=Y (t)=e" +(a,a,+a )he*™ +(t-2h)a,e*" ™" +a I (a,a,+a,)(s—2h)e**"ds
2h
t—2h)°
+aa,(t—2h)e* ™ +a_ (aa, + ai){(t —2h) +a, %} g2

2
SO +a v ment BB (e
+a,(a,a,+a)e* ™ (t-2h);teJ,.
2
Thus the theorem is true for te | JJ,.
k=0

Now consider the interval J,; s,teJ; =3heJ, nJ;={3h}and s—heJ,; hence

Y(3h)=e®" +[a 8, +a, |2he*" +(aa, +a,) h—2ealoh +a, (a3, +a,)he®"

- SaOh+2[a71a0+a1]heza"h +(a 1a0+a1) —eaoh+a i 7lao+ai)heaﬂh

2
=Y(s—h)=e*“" +[a a, +a](s-2n)e* " +—(""1a°2+ %) (5 30y e

+a,(a,a,+a)e*® W (s-3n); se ;.
From the relation (3), we obtain

Y(t)=ea°t+2[a_1a0+a1:|hea0(“h) ( _1a0+a1) eao(t M g ( _1a0+a1)hea0(t—2h)

2
. - a,a,+a s
| g% h)+[aila0 +a1](s—2h)e'°‘°( 2h)+—( ! > ) (s—3h)2ea°( 3n) ds

t
Jralje""f’“‘S
* +a, (a3, +a,)(s—3n)e*e
2
. s 18 T8, 2 (s
va Ie%“ 5’3 et +[a a8, +a,](s — 2h)e 2“”%@—3*1) e | ks
S

a,(a,a,+a)(s—3n)e*t
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:>Y(t)=ea°t+2[a_1a0+a1]hea°("h) ( 1ao+a1) eao(t Zh)+a ( _1a0+a1)hea0(t72h)

(t _ 2h) eao(t—Zh) h2ea0(t—2h)
2 _a1[a—1ao+a1]T

(a—laO + 31)2 (t —3h)3 eao(t—sh) n a,a (a—lao + a1) (t - 3h)2 eaﬂ(t—Bh)
3! 2

+a,(t—3h)e*“" +a,[a a,+a,]

+a,

ao+a1](t 2h)? pRo(t-2h)
2

a—lao[a—la0+a1]h ao(t 2h)_|_ 71( 71ao+a1) (t—3h)2+a0(t_3h)3 eao(t—Sh)
2 2 3

+a,a,(t—3h)e*" ™ +a [a,a, +a | (t—3n)e® " + a,a[a

_ 2
+ 3.31 (a_lao + al){t -3h+ a, %} eao(t—3h)

The evaluation of the integrals and skillful collection of like terms result in the following expression for Y (t) :

2
Y(t)=e* +[a,a, +a ](t—h)e*" ™" + W(t _ 2h)2 pdo(t-2h)

3
+ —(ala;r 2) (t- 3h)3 e ia (a,a,+a)(t—2h)e*" ™ +a% (a,a, +a,)(t—3h)e* "
+a,(a,a,+ a1)2 (t —3h)2 g (=30
Observe that for k €{0,1,2,3}and teJ,,

Y(t) =e* + Zk: a’la +a1) t—ih) ea{’(t_ih)jsgn(max{o,k})

+ a1 a0+a1 (t [|+1]h)e

i=1

(100 gy (max {0,k —1})

+a,(a,8,+a) (t-3n)2e®“* sgn(max {0,k - 2}) (4)
The process continues.

Consider the interval J;; s,t € J, = 4h € J, " J,={4h} and s —h € J;; hence the relation (3) implies that

3 i _ ) 2
g% (1-4h) e4%h+zw([4—i]h)' ey Al (a8, +a,)[3-i]ne®
i=1

Y (t) = i=1 | '
+a,(a,a,+a) h%e®"
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eao(srh) +(Z( -
i-1 I

2

+ > a,(a,a, +a,)(s, —[i+2]h)e®

i=1

t
+ J- aieaﬂ (t_SA)
4h

t
a(t-s) G
+Ia71e Y —

ds,| iail(alao +a,)(s, —[i +2]n)e®

+a,(a,a+ a1)2 (s, —4h)2e 4N

(s;-Li+21h)

() ooyt

(s,~[i+2]h)

(8] (ot

+a,(a,8,+8,) (s, —4h)2e® "

ds,

3 i ) ) 2 )
=Y (t)=e*+ zw(ﬁ —i]h) €2 £33 (a3, +a,)[3-i]he T
i=1 I

i=1

2\ 2_ag(t-3h)
+a,(a,a,+a) h%

3 [
+a,(t—4h)e® M 1y al(a(ilaol;ai)
+1)!

_Zlai(a(—lliol;ai) ([3 ]h)|+1 ao [Hl]h zala

. ([2—ifhyze™

_Z a1a11 (a—lao + a1) 2
i=1

3
+a,3, (t—4h)e* ™" + Z—a‘l (a2 +a)

i=1 I'
+Z a8y

(t [|+1]h)

(a3 +a)
(i+1)!

+Za'+l
([2-i]h)’

2
y (t—4h) o2 (t-4h)
3

3(t-[i+2]h)

2
—Z a't'a,(a,a,+a,) e
i=1

+a’a, (a4, +a

+aa,(a,a,+a

e g G

8 +a,) (t—4n)e® AN +Za';la0 (a3, +a,

(t B [I +1] h)i+1 eao(t—[i+1]h)

(t—[i + 2]h)2e (L2

ra) 2

)2 (t—4h)3 eao(t—4h)

o (3-n) e
)(t—[i+2]h)2 -

2

(t-i+2]h)

+a’, (a—lao + 611)2 (t— 4h)2 ad(t=4h)

It is evident from change of variables and grouping techniques that
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3

Z 21 a(llj 1;31) (t [i+1] h)iﬂ Golt-{i1n) Z 2, (a(l?il_)?i ) (t i h)M Go(t-i+n)

(@858 e

+a, (t—4h)e*"™ +a_a (t—4h)e*" + 23:

_23: 81 a 18, +al) ([B—i]h)m eao(tf[iﬂ]h) B 3 2 (a_lao + 31)' ([3_ i]h)i+l eao(t_[i+1]h)

iz (+D! = (i+1)!

+Z

a—la +31 —Ih) 2(t-ih), )

220(t-li+2h) 5 t_li+21h) _
(t=fi+2Jn)e +Za'_§lao(a_1ao+ai)—( [IZ Ih) golt-1i+2ln)
i=1

2 .
> aa(a,a,+a) ;
i=1

2
2 (t _23h) e2(t30) a’ (a8, +a,)

& , (t—[i +2]h)2e 12
=2 (a8, +a) > :

, (t—4h)’ g2o(t-41) ©)

=a,(a,a,+a) >

2 k)2 3(t-[i+2]h)
a,(a,a+a) he* ™ ->aa (aa+a) ([2-1]h) 26
i=1

S ([2—i]h)2 ag(t-Ti+2]h) 2 h’ ag (t-3h)
D ala (ag, e ) e —ay(aa+a) e ™)

i=1

Furthermore,

Zzlai,l(aflaﬁal)[s_i]he

ao(t-[i+1]h) 2 (t—4h)® 2o (t-4n)

+aa,(a,a,+a) 3

ap(t-[i+2]h)

+Za'+l 8 +2,)(t—4h)e® +a2 (a8, +a) (t—4h) g

t—4h (a8, + _ C aftis
+afla0(a_la0+ai)2%eao(t 4h)+z —1” a1) (t—[l+1]h) eao(t [i+1]n)

ial (a3, +a1) ([3_i]h)i (2olt-Ti+0n)

i=1
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4-1
=>a',(a,a,+a)(t-[i+1]h)e t['+1]h)+%a1(a1a0+a1)2(t_3h)zeao(t—3h)

i=1

3
+a§1(a,lao +a1)2 (t —4h)2 o2(t=4h) +a,1(a,lao +a1)3 (t —:h) g2ot-dn)

a(a,a+a) ea*’“ ) (8)

Adding up expressions (5), (6), (7) and (8) yields

Y () = e {i—(a-la‘;fai)l (t-ih) eaﬂ(t“mJ

i=1

3 (t-Ti+11h)

+Zall L8+ (t-[i +1Jh)e™! +a,(a 3, +a) (t—3n)2e=

3 (t—4h)°

> +§a21(a1ao +a,)’ (t—4h)2}ea°““‘“> 9)

+ {al(ala0 +a,)
Hence for teJ,,ke{0,1, 2, 3, 4},
k i _ .
Y(t)=e* ﬁ{zw(t —ih)’ ea"(t_'h)]sgn (max{0,k})

8 (t-[i+11h)

+kjall (a,8, +a)(t—[i+1h)e® sgn(max {0,k —1})

+a, (a8, +a) (t-3n)?e*" Y sgn(max {0,k -2})

3 (t—4h)” 4h)*
2
Observe that k €{0,1,---,4},te J, =
[

+{al(alao+ai) 2a (2,8, +a,)" (t—4h)? }eaﬂ(t M sgn(max {0,k —3}) (10)
Y (t) = e max{k+1,0}+(
where

=t jel0n ke, =Lie L k-1}ic,, = efLon k115, = §k=4

1 )
G-’

. : . . 1 1 3 .
It is also instructive to recognize that ECZI +C, = 5 +1= 5= C,,. Further involved

. _— : . . 1
investigation suggests the emerging relationship ¢;; =—c;; , + ¢, ;. This pattern will be
J

validated by an inductive proof.
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Alternatively, k € {0,1,---,4} , te J, =

K j _ i
Y(0) =™ max k+1,0}+ 3 BB EA) (¢ s 8 e i o)

i J!
S ag(t{i+1Jh
+Zal1 1ao+a1 (t [|+1]h) s )max{k—l,o}
j=1
Sy o\ ag(ti+ jIh)
+ ¢ ;@' (a,a, +a))’ (t-[i+jlh)'e sgn (max {0,k —2}) (11)
i=1 j=2
where
1 . 3
Cj Zm,J6{1,---,k—1};022ZE,fork:4.

. . . . 1 1 3 . I .
It is also instructive to recognize that ECZI +C, = 3 +1= 5= C,,. Further investigation-quite

involved-suggests the emerging relationship: ¢;; = l_cijfl +C .y ief{l, 2, k-2}, je {2, k—i}.
J
This pattern will be validated using an inductive proof.

The next result gives the optimal computational structure of the solution matrices.

Theorem On The Optimal Computational Structure of the Solution Matrices

Letted,,i,je{,2,--,k} and let cy; = Jl i1 =1. Suppose that a_, (a_ja, +a,) # 0. Then

Y (t) =e* + iw(t - jh)j golt=in) sgn (max{O, k})

i J!

=~
LY

+ a'l( 180 +a,)(t— [|+1]h)e tLi+in)

sgn(max {0,k —1})

T
,‘\,H

k=i

4 G (a8, +a) (t-[i+ j]h)jeao(tf[””h)sgn(max{O,k—Z}) (12)
i=1 j=2

for some real positive constants c;; such that ¢ 2; Cip= %(I +1),ie{,2,---k-2}

(j-1r

and G —%Cij_l—ci_lj =0,Vie{2,3,--k-2}, j€{2,3,---k —i}.There are exactly
max {%(k -3)(k-2)sgn(k -1), O}such unknown c,; values to be determined quite easily;

this number is pruned to a mere max {k —2, 0}, in any transition from Y, (t) to Y, ., (t).

Proof
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It is clear from theorem 2.1 that the theorem is valid for 1<i <3, 2< j <4—i. Assume the
validity of the theorem for all 1<i<k -2, 2< j<k—i, for some integer k >5. Then forte J, ,,

the relation (3) implies that

Y()= e%t+zm([k+l—i]h)i 8(t-ih) +kz£‘a'l a,a,+a, ([ ]h)e ag(t-[i+1]h)

+k2klc (a8, + —i—jh)’ edltti+in)
a a,) ([k+1-i-j]h)e
i=l j=2
k : .
+a (t=[k+1]n)e*"" +Za1 @ ?+I)a1) (t=[i+1]h) " el
< (aa,+a) N ag(t[i S (t—[i+2]h)2e%t L+
_Zal((lii—l)?i)([k_l]h) po(t-l+alh) Zala—l(a—la0+a1) [i+2] .
i=1 - i=1
k-1 i ( k—i_-1 h)2 ap(t-[i+2]h)
_Zaia—l(a—la0+a1) [ ] 2
i=1
9k P i+l _ag(t-[i+j+1]h)
k=2 ki i J-(t—[|+J+l]h)J g%
P23 c;aa, (a,8,+a) Tl
k=2 ki ([k—l j]h)J+l ag(t-[i+j+1]h)
2 J_ZZC.,ala J(a,3,+a,) i1

+a_,a, ( [k+l ) ag(t-h) +Z 1ao ai) (t [I+l]h) ag(t-Ti+1]h)

—ial E2ea) iy ”'*”“Hgala"((?:i;fal) (t=Li+1n) e
—Zk:ala‘) ?li;fai)i ([k—i]h)”leao(t_[”l]h)Jrt_ll 2t (aja, +a, ) (t—[i +2Jn)e% T2
—Za'*f a+a,) (K—i~TJh)e® ‘['+2]“>+§aizlao(a_lao+a1)%e%“—“+21“>
kza”fao a.,a, +a1)—([k_i2_ n’ eao(““*z]“)_

=
S kzl“c”a”l a,a,+a) (t—[i+j+1n) e T

g
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k=2 k—i
=3 YAt (aa +a) (k=i jnye® T
i=1 j=2
k=2 k=i t—[i-‘r J +1]h)j+1ea0(t—[i+j+1]h)
C. |+1 a a i (
+i=1 =2 . 1610( +a1) j+1
_k—z k=i 3 '+1a0( a, +a1)1 ([k —i- j]h)j+1eao(t—[i+j+l]h)
’ ij -1 -1

=2 j+1
of change of variables, as well as appropriate groupings yields the following relations:

gw([kﬂ I]h) ol +i%%(t—[i+1]h)i+lea°(t—[i+1]h)

+a, (t-[k+1]h)e™" " —Zk‘,ai—(alé” - a_ll)i (k=i]n) e 12 4 (t-[k+1]n)e "

+Zk: a,a,(a,3+a) (t—[i+Th)" (ol T1411) Zk:al (a,8,+2,) ([k_i]h)i+1eao(t_[i+1]h)

i-1 (i+1)! i=1 (i+1)!
k+1 i . .
_ Z—(a—laf;fai) (t—ih) e (13)
i=1 .
k- k
Za'*f L8+ (t=[i+2Ie™ “*”““Zal(alﬁ”ai) (t=Li+an) e )
i= i=1 -
(= ) [k+1]1 i _ .
=3 a (a8, +a,) (- [i +1h)e T S al(al?j+a1) (t-[1+ jJn)’ et L)
i1 = :
Furthermore,
K1 _Ti 2 Jo(t-fi+2]h) 4 i 2 )
aiai71(6171":10Jral)(t [|+2]h; e +Zal+11ao 2, +a1)(t [IJZrZ]h) oolt-l1+210)
i=1
[k+1]-2 _ ) (t [I +2] h)z aot [|+2]h)
= ' 15
2 al; (a3, +a,) > (15)
All the other five summations free of ¢, , of the terms in e and 142 add up to
= k-1-i]h PR i ((k=1]]h ;
_Z a_l (a_lao + ai) w a° 2]h) — a_l (a_lao + ai)l w [J 1] ) (16)
i1 =2
kei-2 k—1—ilh) _ [k+1]1 (k= iln) _
—- > ai(ag+a) ([k=2=iJn) > M) guteoam _ > al(a1a0+a1)'—([ jjl] ) gstctiom
i1 = :
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The seven summations involving ¢;; add up to

k=2 ki i j+1 8o (t=Ti+j+1]h)
C.Ja',l(a a, +a1)’+1 (t [I+j+1]h) e
i1 j=2 J+1
k=2 ki i sy it gao(t-li+ N
B c,Ja'_l(a a, +a1)”1 ([k =i j]h)- e
i=1 j=2 j+1
A P i . j golt-Ti+ilh)
+>. Y¢85 (a3, +a) (k+1-i—jlh)’e
i=1 j=2
S i+1 J ag(t-[i+j+1]h)
+>.> ¢ Ak (a71a0+a1) (t—[i+ j+1]h)’e
i=1 j=2
k=2 k-i _ _ i
-3 > ¢ (a8, ) ([k—i— jlh)le® T 17)
i-1 j=2

All summations with constant coefficients add up to zero. Therefore appropriate changes of
variables transform above expressions to the following equivalent equation:

k=2 1+k—i i , ag(t-[i+jlh)
S Yo, (aa,ra) BT ‘]Jh)
i1 j=3

+>. > 02 (2,8, +a,) (Tk+1-i— jlh) e T
e

- Cy;a,(a,a, +a1) ([k+1—i—jlh)'e® a(t-[i+jlh)

11\2 N
—kz_%; a'_l( a_a, +a1) Meaﬂ(p[nz]h) —kz_lla_l( a ,a, +a1) Meaﬂ(“ﬁﬂ]h) -0

i1 2 =2
= (c,-1)a,(a,a,+a) ([k- j]h)2 e

k-1 1 1 - )
+ {Clj —TCljl—F}al(alao.pal) ([k— J] ) ag(t-{j+11h)

ay(t-3h)

j=3
3 1 i i+2]h
_ (CiZ_CHZ_Eja—l(a-lao +al)2([k 1_ |]h) a(t-{i+2]h)
i=2
k-2 k-i .
+ |:CI] _%Cij—l_ci—lj:|ai—l(a_lao+a1)J ([k +1_i ]h)l t [I+J]h) 0
i j-3

These, combined with coj:_il,cilzlz ¢, =1 ¢ —E_cljf1 :_il, je{2.4,-- k-1};
J: J J:

C, —Ciy) :%,i e{12,---k-2}; ¢ —%cij_l—c

— 1 ij

,=0,Vie{l,2,--k-2},je{2,3k-i}.

i-1
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Consider the difference equation

1 1 .
clj—Tclj_lzﬁ,Je{Z,---,k—l} (18)
Assertion 1
o jef2,3-- k-1 19
ClJ (J_l)l JE{ } ( )
Proof

The proof is by mathematical induction on j. For t € J,, it is clear from (11) that,

C, = ﬁ j €{2,3,4}; these c,;s satisfy (18) for j € {2,3,4}. Assume that the assertion is valid
j—1)!
for je {5,---,k —1} ,for some integer k > 6. Then from (18) and the induction hypothesis,
ST SRUUE RN AL S (1+ L j— RN —
kTR k(k=2)1 k! k(k=2)1I0 k=1) (k=1)t " e ([k+1-1] 1)
=c,; = L je {2,3,---,[k +1]—1}. Hence the assertion is valid.
(i-1)!
Consider the difference equation
ciz—ci_lz=%,ie{2,3,---k—2}; (20)
Assertion 2
= %(m), ic{2,3k-2) (21)
Proof
From (11), (20) and (21), it is clear that the assertion is valid for i € {2,3}. Assume the validity
of the assertion for i € {4,--,k —2} ,for some integer k. Then forte J,,;.¢, ,, —C,_,, = %

1 1
=CL,=CG,, +E = E

if teJ, ,, completing the proof of the asssertion.

(k —2+1)+% = %([k —1]+1) = the assertion is valid for i = [k +1]- 2
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DISCUSSION

Remarks on Solutions of (22)
Certainly, there is no general solution for the equation (22) below,for all i e {2,3,---, k — 2},

je {1, 2, k— i} taken simultaneously. The good news is that thus far we know the values of c; ;,

Ci11C4:Cipn Gy j €{1,2,3} 1+ j <5;see expression (11). Furthermore for each fixed i € {2,---, k - 2},

1

c.—=¢C

ij . ij—l_C

i-1j = 0, (22)

is a difference equation that can be solved quite easily, for ¢;;, j {2,3,---k — i} ,in one fell

swoop or alternatively, for each pair iand j, (22) is a very simple equation, that depends on
previously determined values of ¢, , ; and ¢; ; ,-the iterative process is recursive for incremental
i or j -and each ¢;; can be quite easily obtained in less than one minute.
5.2 Concluding Part of the Proof of Theorem 4.2
Applications of the relations (18) through (22) and changes of variables on the remaining

summations in (17) yield

k-2 k—i
CIJaHl la0+a1) (t [|+j+1]h)J t [|+J+1]h)
i-1 j=2
k—2 k—i , 1 (t=li+ i+11n j+1eao(t—[i+j+l]h)
+Z ana—l(a—lao"‘ai)J t(t=fi ) ])
i-1 j=2 J+1
[k+1]-2 [k+1]-i _ . _ -
- Coyjaly (a3 +ay) (t—[i+ jlh)ie™ M
i=1 j=2
ka1 ¢ e
~ 2 a,(a,a+a) (t-[j+1h)ie" !
j=2
[k+1]-2 i t—Ti+2Th zeao(t—[i+2]h)
- z Cila—l(a—1a0+a1)2( [ ] ;
i=1

Add these to e™', expressions (13), (14) and (15) to obtain the following result:
tedo,ke{3 4=
k+1 . .
Y(t)=Y, ,(t)= e%t+zﬂ( Jh)Jeao(t—Jh)
j!
[M]_l ' ag(t-[i+1]h)
+ > al (a8, +a)t-[i+1h)e®

i=1
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[k+1] -2 [k+1] —i

ADINDY Cijai—l(a-laoJfai)j(t—[i+j]h)jea°(t_[i+j]h)

-l j=2

for some real positive constants c;; such thatclj:ﬁ, = ;(i+1),ie{l,z,---[k+1]—2}
and cij—%c”1 ;=0,Vie{l,2,[k+1]-2}, je{2,3,-, [k +1]-i}.

The statements about the unknown ¢, values to be determined follow respectively from the feasible ranges

k-3 l
of values for i and j and from the fact that ) p = E(k —3)(k - 2); needles to say that the number of

p=1

integers from 2to ([k +1]-2) is 1+ ([k +1]-2)~-2 =k — 2. This completes the inductive proof, proves

the cardinality statements and hence establishes the theorem.

For the case a, (a,3, +a,) =0, Y (t) =e* max {k +1,0}.

IMPLICATION TO RESEARCH AND PRACTICE

The results of this article have wide-ranging implications to research and practice. First, they
obviate the need for the dependence on (1) for the computations of the solution matrices, with
the associated computational complexity and proneness to severe errors. Furthermore, the
extension of the solution matrices from one interval to the next contiguous interval of length
equal to the delay can be achived effortlessly-only very few coefficients need to be
determined. The implication is that solution trajectories can be easily obtained for any initial
function specification.

Illustrative Examples

max{k,5}

TR LI

max{k 14

jh) )4 a', (a3, +a ) (t-[i+1h)e®

j=1 i=1
s (t—4hY’
2

h j aot ih) (t-[i+1]h)

ray(asg+a) (t-3n) e ™+ a, (aa+a) +ga21(ala0+a1)2 (t—an)? e

t-5h)*
a, (a—1ao + 81)4 %

+2a’ (a8, +4,) (t-5h)’

+a% (a,8,+4,) (t-5h)’

+ e sgn (max {k —4,0})
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(t—6h)° 5 ‘
a, (a8 +a) ——2+-—>a*(a,a,+a) (t-6h)
S 0 41 121 e®("*" sgn (max {k 5,0} )

+gaj‘1(a_lao +a,) (t—6h)’ +§a§1(a_la0 +a, ) (t—6hY

Therefore on the interval (—oo, 7h], the general expression for the solution matrices, Y (t) can be
stated as follows: Let J, =[kh, (k +1)h], for any integer k <6. Let t € J,. Then

K i _ )
Y (t) = max (k +1,0}+Z@(t— ih)’ e max (k, 0}
=i !

k-1

+>a (ay3, +a ) (t—[i+1h)e®

i=1

(-0+17) yax {k-1,0}

+a, (a3 +a) (t-3n)"e* " max{k-2,0)

| s (t—4hY’

+la,(a,8,+a,) 5

+gafl(a_1ao+a1) (t—4h)” [e**" max {k —3,0}

| t-5h)*
a—l(a—1a0+a1)4( 31 ) +a31(a—la0+a1)3(t_5h)3 p2(t-5N) max{k—4 o}

L+ 2a° (a3, + ai)2 (t- 5h)2

I s(t-6h)’ 5 i
= t—6h
. a,(a,a,+a,) 2 +12a (a 1a0+611)( ) o3 (t-6) {k—5,0}

+ga“1(a1aO +a1)2 (t—6h)2 +§a3l(a1a0 +a1)3 (t—6h)2

CONCLUSION

This article obtained the structure of the solution matrices of single-delay neutral differential
equations with the determination of the expressions for certain coefficients of the matrices and
an easily solvable recursive difference equation for the remaining coefficients, proving
conclusively that there is no general expression for such coefficients. This contrasts quite
sharply with the coefficients of solution matrices of single-delay and the class of double-delay
differential equations whose expressions are clearly established, as in the observation in Ukwu
and Garba (2014).

FUTURE RESEARCH

The investigations carried in this article will be extended to the system counterpart of equation
(1). If successful, the results will be applied to the corresponding variation of parameters
formula with a view to explicitly solving associated initial function problems. See Dauer and
Gahl (1977) for solution trajectories, subject to initial function specifications.
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