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ABSTRACT: The fuzzification of Laplace equation in two dimensions are discussed with 

curve border. The interval of fuzzy interval can be determined. Finite difference method applied 

of two different grids using five points, first for initial values and the second to solve Laplace 

equation numerically. 
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INTRODUCTION 

The concept of Fuzzy differential equation was first introduced by Chang Zadeh [10]. Dubois 

and Prade[5] has given extension principle. Raphel [8], used five points in regular domain. 

Here implementing five-points for finite difference method to solve Laplace equation in two 

variables numerically in domain with curved boundary, then fuzzified. 

Definitions 

A triangular Fuzzy number    is defined by three real numbers with base as the interval  ],[ ca

and b as the vertex of triangle. The membership function are defined as follows [1,8]: 
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The   cuts are defined by  )())(( abaL    and )())(( cbcR      

Finite difference using to solve Laplace equation in irregular domain 

The Laplace equation in two variables is defined by 

                  0),(),(  yxuyxu yyxx
                                                                                                          (1) 

This equation is encountered in many application, fluid mechanics, study state , electrostatics, 

mass transfer, and for other areas of mechanics and physics. Replacing xxu   and  yyu  by the 

central difference formula the value of  ),( ji xxu  at any mesh point is the arithmetic mean of 

the values at four neighboring mesh to the left, right, above and below which is called standard 

five points formula Fig.1 in curved boundary , use for finding the initial data respectively as 

follows 
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    1,41,3,12,11
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                                                                                       (2)  
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where 

     hhi   for 4,3,2,1i  and h  is the standard step length of the mesh, and if hhi  , then ih  is 

the step length near the border [11]. 

Application of Fuzzy interval in Laplace Equation  

From 2c  to  15c  represents the boundary conditions of the mesh non-square with fuzzy interval 

as in table 1. 
 

Table -1- 

 3,12,11,11 ;;)( lllc 
 

 3,22,21,22 ;;)( lllc 
 

 3,32,31,33 ;;)( lllc 
 

 3,42,41,44 ;;)( lllc 
 

 3,52,51,55 ;;)( lllc 
 

 3,62,61,66 ;;)( lllc 
 

 3,72,71,77 ;;)( lllc 
 

 3,82,81,88 ;;)( lllc 
 

 3,92,91,99 ;;)( lllc 
 

 3,102,101,1010 ;;)( lllc 
 

 3,112,111,1111 ;;)( lllc 
 

 3,122,121,1212 ;;)( lllc 
 

 3,132,131,1313 ;;)( lllc 

 

 3,142,141,1414 ;;)( lllc 

 

 3,152,151,1515 ;;)( lllc 

 
 3,162,161,1616 ;;)( lllc 
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The interior points due to the non-square grid are 1u  to 8u . 

Now to find the initial value of  
)0(

5u  using standard five-points formula (2) as 
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Fig.2 
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We can write equation (9) in some details as 
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Fuzzy membership functions (f.m.f) are respective   -cuts of 14,10,62, candccc  are 

respectively as 

 

Hence the  cuts  of  2c  is      )(),()( 3,22,23,21,22,21,2

)(

2 llllllc  
  











































otherwise

lxlwhere
ll

lx

lxlwhere
ll

lx

xC

;0

;

;

))(( 3,62,6

3,62,6

3,6

2,61,6

1,62,6

1,6

6


                                                           (6) 

 

Hence the  cuts  of  6c  is     )(),()( 3,62,63,61,62,61,6
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Hence the  cuts  of  10c  is     )(),()( 3,102,103,101,102,101,10
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Then from the equation (4), the interval of the confidence  for  
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To retain two roots with ]1,0[ , let 
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and                
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Where ]1,0[ . 

   In similar way we can find out fuzzy membership functions for 
)0(

8u ,
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2u ,
)0(

6u ,
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3u ,
)0(

4u , 
)0(

1u

and 
)0(

7u by different mesh for these initial values, then we use standard for an irregular mesh 

as in fig.1. 

Next successive approximations with their f.m.f. as required be obtain from previous 

approximations and specified boundary conditions. 
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Numerical example 

Let us consider the Laplace equation [ 8,9], 

                          
0)()(  yyxx uu                                                                                     (10) 

In the domain 40,40  yx  with boundary conditions  ,0))(,0( yu
2

))(0,(
2x

xu  and 

yxyxu 2)(2))(,(  in the curved boundary as in fig.1 . Leibmann's  process will be applied to 

solve equation (10). 

Solution 

The boundary conditions given the numerical value of  01 c , 745968.92 c , 9282.103 c ,
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2915.115 c
, 

9282.106 c , 745968.97 c , 88 c , 5.49 c  , 0.210 c ,

5.011 c , 012 c  , 013 c , 014 c , and 015 c . 

The initial values of  8,...,3,2,1iu , may be calculated the initial values with the help of five-

points formulas  to get the approximate solution. Hence interval of confidence for 
)0(

5u is 

  







 391.6001.0,389.6001.0)(

)()0(

5 


u                                                                                          

(11) 

 

To find f.m.f. and respective interval of confidence these eight sci ' as follows 









































otherwise

xwhere
x

xwhere
x

xC

;0

756.9745.9;
746.945.9

746.9

745.9744.9;
746.9745.9

744.9

))((
2


 ,     746.9001.0,744.9001.0)(

)(

2  


c  

 
 









































otherwise

xwhere
x

xwhere
x

xC

;0

929.10928.10;
929.10928.10

929.10

928.10927.10;
927.10928.10

927.10

))((
6

  ,     929.10001.0,927.10001.0)(
)(

6  


c  

http://www.eajournals.org/


International Journal of Mathematics and Statistics Studies 

Vol.4, No.3, pp.11-24, June 2016 

___Published by European Centre for Research Training and Development UK (www.eajournals.org) 

18 









































otherwise

xwhere
x

xwhere
x

xC

;0

001.22;
001.22

001.2

2999.1;
999.12

999.1

))((
10

  ,     001.2001.0,999.1001.0)(
)(

10  


c  

 









































otherwise

xwhere
x

xwhere
x

xC

;0

001.00;
001.00

001.0

0001.0;
001.00

001.0

))((
14

  ,    001.0001.0,001.0001.0)(
)(

14  


c  

 

Now the parameter   1 , 2 , 3 , 4 , and 0  , for each points 1u , 2u , 3u , 4u , 5u , 6u , 7u ,and 8u , 

can be find as in equation (2), in the following   tableandh    

h ( for the initial guess)  ( for the initial guess) 

 1h  2h  3h  
4h  1  2  3  
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The following process to find the initial values of the point  0

5u depending on the above tables 

with the equation (3) 

 

  .4,3,2,1,,)()()()(

))(())(())(()(
1

)(

0

1046332141

1046332141

0

)0(

5





iwherecccc

ccccu

i
i









                               (12) 

Hence we the interval of confidence for )0(

5u ,   







 391.6001.0,389.6001.0)(

)()0(

5 


u  , we are to 

retain two roots with ]1,0[ . Let 
1389.6001.0 x  and  

2391.6001.0 x  , then solving for 

 we get 

001.0

389.61 
x

   and  
001.0

391.62






x
 ,  so f.m.f. for  

)0(

5u is 









































otherwise

xwhere
x

xwhere
x

x
u

;0

391.6390.6;
391.6390.6

391.6

390.6389.6;
389.6390.6

389.6

))(()0(
5



 

In the same way we find f.m.f. for 
)0(

8u ,
)0(

2u ,
)0(

6u ,
)0(

3u ,
)0(

4u ,
)0(

7u ,and 
)0(

1u  are  respectively. 









































otherwise

xwhere
x

xwhere
x

x
u

;0

11164.911964.9;
11164.911064.9

11164.9

11964.910964.9;
10964.911064.9

10964.9

))(()0(
8


,

 

 









































otherwise

xwhere
x

xwhere
x

x
u

;0

50752.450652.4;
50752.450652.4

50752.4

50652.450552.4;
50552.450652.4

50552.4

))(()0(
2


, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

60876.960776.9;
60876.960776.9

60876.9

60776.960676.9;
60676.960776.9

60676.9

))(()0(
6


, 
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







































otherwise

xwhere
x

xwhere
x

x
u

;0

18837.718737.7;
18837.718737.7

18837.7

18737.7049.5;
18637.718737.7

18637.7

))(()0(
3


,

 









































otherwise

xwhere
x

xwhere
x

x
u

;0

71842.371742.3;
71842.371742.3

71842.3

71742.371642.3;
71642.371742.3

71642.3

))(()0(
4


, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

82744.582644.5;
82744.582644.5

82744.5

82644.582544.5;
82544.582644.5

82544.5

))(()0(
7

 ,and 









































otherwise

xwhere
x

xwhere
x

x
u

;0

18199.218099.2;
18199.218099.2

18199.2

18099.217999.2;
17999.218099.2

17999.2

))(()0(
1

 . 

 

In the following  there are f.m.f of the first and forth approximations respectively using five-

points by the method of Lebmann's  iteration process applied to equation (4) with aid of the 

following tables 









































otherwise

xwhere
x

xwhere
x

x
u

;0

202.18198344  202.18098344;
202.18198344 202.18098344

202.18198344

 202.18098344  202.17998344;
  202.17998344202.18098344

202.17998344 

))(()1(
1


, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

5260998197.4 5250998197.4;
5260998197.4 5250998197.4

5260998197.4

 5250998197.4 974.52409981;
 974.524099815250998197.4

 974.52409981

))(()1(
2


, 
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







































otherwise

xwhere
x

xwhere
x

x
u

;0

192992074.71919920574.7;
192992074.7 1919920574.7

192992074.7

 1919920574.7 747.19099205;
 747.190992051919920574.7

747.19099205

))(()1(
3

 , 









































otherwise

xwhere
x

xwhere
x

x
u

;0

143.68586779143.68486779 ;
143.68586779143.68486779  

143.68586779

143.68486779  6838677914.3;
6838677914.3143.68486779 

6838677914.3

))(()1(
4


, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

7845396356.67835396356.6 ;
7845396356.67835396356.6  

7845396356.6

7835396356.6 7825396356.6;
7825396356.67835396356.6

7825396356.6

))(()1(
5



, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

6440649696.96430649696.9;
6440649696.9 6430649696.9

6440649696.9

 6430649696.9 6420649696.9;
 6420649696.9 6430649696.9

 6420649696.9

))(()1(
6

 , 









































otherwise

xwhere
x

xwhere
x

x
u

;0

8672966744.5 8662966744.5;
8672966744.5 8662966744.5

8672966744.5

 8662966744.5 445.86529667;
 445.86529667 8662966744.5

 445.86529667

))(()1(
7


, and 









































otherwise

xwhere
x

xwhere
x

x
u

;0

4265482308.9 4255482308.9;
4265482308.9 4255482308.9

4265482308.9

 4255482308.94245482308.9;
 4245482308.9 4255482308.9

 4245482308.9

))(()1(
8


. 

and the f.m.f  of the fourth iterations as follows 
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







































otherwise

xwhere
x

xwhere
x

x
u

;0

1966300042.2 422.19563000;
1966300042.2422.19563000

1966300042.2

 422.195630001946300042.2;
1946300042.222.19563004

1946300042.2

))(()4(
1

 , 









































otherwise

xwhere
x

xwhere
x

x
u

;0

5633018816.4 164.56230188;
5633018816.4164.56230188

5633018816.4

 164.56230188164.56130188;
 164.56130188164.56230188

164.56130188

))(()4(
2



, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

2137460739.72127460739.7;
2137460739.7 2127460739.7

2137460739.7

 2127460739.7 397.21174607;
 397.211746072127460739.7

397.21174607

))(()4(
3



, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

7372139746.37362139746.3;
7372139746.3 7362139746.3

7372139746.3

 7362139746.3 7352139746.3;
 7352139746.37362139746.3

7352139746.3

))(()4(
4



, 









































otherwise

xwhere
x

xwhere
x

x
u

;0

8506724996.68496724996.6;
8506724996.6 8496724996.6

8506724996.6

 8496724996.6 6.8486724996;
 6.84867249968496724996.6

6.8486724996

))(()4(
5

 , 









































otherwise

xwhere
x

xwhere
x

x
u

;0

6596674056.96586674056.9;
6596674056.9 6586674056.9

6596674056.9

 6586674056.9 6.6576674059;
 6.65766740596586674056.9

6.6576674059

))(()4(
6

 , 
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







































otherwise

xwhere
x

xwhere
x

x
u

;0

9095901512.59085901512.5;
9095901512.5 9085901512.5

9095901512.5

 9085901512.5 2.9075901515;
 2.90759015159085901512.5

2.9075901515

))(()4(
7

 and 









































otherwise

xwhere
x

xwhere
x

x
u

;0

4456848069.94446848069.9;
4456848069.9 4446848069.9

4456848069.9

 4446848069.94436848069.9;
 4436848069.94446848069.9

4436848069.9

))(()4(
8



. 

 

CONCLUSION 

For the given initial values the fourth approximations to solve the above example numerically 

is significant results in the domain has curved border. Using five points only, however may 

increased the accuracy as desired if we take more iterations.  
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