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NUMERICAL SOLUTION OF LAPLACE EQUATION IN CURVED BORDER
USING FUZZY DATA BY FINITE DIFFERENCE
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ABSTRACT: The fuzzification of Laplace equation in two dimensions are discussed with
curve border. The interval of fuzzy interval can be determined. Finite difference method
applied of two different grids using five points, first for initial values and the second to solve
Laplace equation numerically.

KEYWORDs: Fuzzy membership function (f.m.f.), interval of confidence, triangular fuzzy
number (t.f.n.), & — cuts, five points finite difference, domain with curve border .

INTRODUCTION

The concept of Fuzzy differential equation was first introduced by Chang Zadeh [10]. Dubois
and Prade[5] has given extension principle. Raphel [8], used five points in regular domain.
Here implementing five-points for finite difference method to solve Laplace equation in two
variables numerically in domain with curved boundary, then fuzzified.

Definitions
A triangular Fuzzy number u is defined by three real numbers with base as the interval

[a,c]and b as the vertex of triangle. The membership function are defined as follows [1,8]:

—— ; where a<x<b| ,
4(x)(=)—— ; where b<x<c

b
0 ;. otherwise

The o —cuts are defined by A (@)(=)a+a(b—a) and A, (a)(=)c+a(b—c)
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Finite difference using to solve Laplace equation in irregular domain
The Laplace equation in two variables is defined by

1)

Uy (X, ) +Uy, (X, y)=0

This equation is encountered in many application, fluid mechanics, study state , electrostatics,
mass transfer, and for other areas of mechanics and physics. Replacing u,, and u, by the

central difference formula the value of u(x;,x;) at any mesh point is the arithmetic mean of

the values at four neighboring mesh to the left, right, above and below which is called standard
five points formula Fig.1 in curved boundary , use for finding the initial data respectively as
follows

U ;= ai [alui—l,j T Uit agU; g+ a4ui,j+1] 2
0
4
Where o, = 2 O, = 2 , Oy = 2 , oy = 2 and —ay =Y o,
h(h, +h;) h,(h, +h,) hy(h, +h,) h,(h, +h,) =
where

h <h for i=12,3,4 and h is the standard step length of the mesh, and if h, <h, then h, is
the step length near the border [11].

Application of Fuzzy interval in Laplace Equation
From c, to c,. represents the boundary conditions of the mesh non-square with fuzzy interval

as in table 1.

Table -1-

c.(=) |_|1,1; L, |1,3J

C, (=)l|2,1; |2,2; |2,3J

C; (:) “3,1; I3,2 ; I3,3J

C, (:)“4,1; |4,2; |4,3J

C5(:)l|5,1; I5 |5,3J

Cs (:)l_IG,l; Ia,z; IG,SJ

C7(:)|_|7,1; |7,2; |7,3

Cs (:) |_|8,1; Is,z ; I8,3J

Co (:)“9,1; |9,2; I9,3J

ClO(:)[IlO,l; I10,2 ; I10,3]

Cll(z)[llll; |112; I1L3J

G2 (:) “12,1; I12,2 ; I12,3J

Cis (:) “13,1; I13,2 ; I13,3J

Cia (:) |_|14,1 ; I14,2 ; I14,3 J

ClS(:) |_|15,1; I15,2 ; |15,3J

Cis (:) |_I16,1; |16,2 ; I16,3J
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The interior points due to the non-square grid are u, to u,.
Now to find the initial value of u{® using standard five-points formula (2) as
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U (9) )6 (1) (@), (), ()]

()

We can write equation (9) in some details as

u [ =

.~

a1|14,1 + a2|3,1 + a3|6,1 + a4|10,1

(24)

a1|14,2 + a2|3,2 + asle,z + a4|10,2

(22}

a1|14,3 + a2|3,3 + a3|6,3 + 0‘4'10,3

124

“

) s

J

(4)

Fuzzy membership functions (f.m.f) are respective « -cuts of c,,c,c,,and c,, are

respectively

as

Hence the o —Cuts of C, is [Cz](a) (:)[|2,1 + a(lz,z _|2,1)v |2,3 +a(|2,2 - Iz,s)]

#c, (X)(=)

X—lg4

—— ; where I, <x=<lg,
|6,2 - |6,1

X —I1

——=22_ 5 where I, <x=<ly,
|6,2 - |6,3

0 ;. otherwise

(6)

Hence the o —cuts of Co is [Cs](a) (:)[IG,]_ +a(lg, —lgy) gz +alls, — Ie,s)]

te,, (X)(=)

N

X —1

I 1|°'1 ; where |, <x<l,,
10,2 = '101

x—I
% ; where o, <x<l,,
10,2 = "10,3
0 ;. otherwise

J

(7)

Hence the o —cuts of Cio is [ClO](a) (:)[Ilo,l + 0‘('10,2 - |1o,1): |10,3 + a(llo,z - I10,3)]

#c,, (X)(=)

N

X —1
——= ; where l,, <x<l,,
I10,2 - I10,1
x—1
43, where l,, <x=<l,,
I14,2 - |14,3
0] ;. otherwise
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Hence the o —cuts of Cia is [C14](a) (:)[|14,1 ta(ly, =), I14,3 +a(ly, - I14,3)]
Then from the equation (4), the interval of the confidence for u{® is

(i, — b)) ta(l, — L) +as(ls, —l.) +aa (i, —lio2) a

@

+ aliag + sl + aslsy + aglioy '
20

ty ()

(i, —las)tas (b, — L) +as(ls, —lss) + @a(lig, —lios) o

(29

+ s+l s+ ol s + gl

(27}
or
(s + oy, + sl , +aylign) — (higs + lh,) + sl + a4l ) o
&y
+ g+l ol gl '
e
Hyo =)

(s, + .y, +asls , +agli,) — (Al + alh 5 + gl s + gl s) o

&

+ g+l s+ asle s +aylig s

X
To retain two roots with « €[0,1], let

_ (s, + ), + gl , +ayly,) — (el +aly ) +aglg, +aly ;) o

(2%
+ i+ al, +asls +agl,
o
and 0

_ (), +aly, + sl + gyl ) — (gl s + ol 5 + sl 5 +aylg ) o
, =

2%

+ a1|14,3 + azlz,a + asls,a + 054'10,3

&

Hence
o= X — (hgy + by, + agle s + aylig,)
(thgy + oy, + glg , +aly,) — (s + 5ly ) + a5l + gl )
and
o X, — (s + l, 5 + agls 5+l 5)

(s + ol +asls , + gl ,) = (Quhas + ol 3 + agle 5 + a4l 3)
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X — (0‘1I14,1 + a2|2,1 + 0‘3'6,1 + 0‘4'10,1)

(il +oly 5 +agls, +aglig,) = (Quligy + oly 0 +aglss + gl )
1 1
where  — (el + @olyy + agley + aylin)) S X< — (il + @oly 0 +aslg , + i)

Z a (©)

apXy — (g5 + ol 5 + als s + aylyg5)

My = (aihsp +aoly 5 +agls, +aglig,) = (Qihiys + @oly 5 + sl 5 + aglig )

1 1
where ;(allld,Z +aply, +agle, +ayl,) S X< 07(01'14,3 + oy s+ gl s + gl )
o o

0 Otherwise

Where « <[0]].
In similar way we can find out fuzzy membership functions for u{®,u{”,u{® uf,u®, u®
and u!® by different mesh for these initial values, then we use standard for an irregular mesh

as in fig.1.
Next successive approximations with their f.m.f. as required be obtain from previous
approximations and specified boundary conditions.

Numerical example
Let us consider the Laplace equation [ 8,9],

U, (H)u,, (=)0
(10)
In the domain 0<x<4,0<y<4 with boundary conditions u(0, y)(=)0, u(X,O)(:)XZZand

u(x, y)(=)2x(+)2y in the curved boundary as in fig.1 . Leibmann's process will be applied to
solve equation (10).

Solution:
The boundary conditions given the numerical value of ¢, =0,c, =9.745968, c, =10.9282,

¢,=11.2015, ¢,=11.2015 c,=10.9282,c, =9.745968,¢, =8,C, =4.5 ,,, =20,

c,=05,¢,=0,c¢,=0,c,=0,and ¢, =0.
The initial values of u, =1,2,3,...,8, may be calculated the initial values with the help of five-
points formulas to get the approximate solution. Hence interval of confidence for u{®is

u@ ] (=){0.001a +6.389 , —0.001q + 6.391}

(11)

To find f.m.f. and respective interval of confidence these eight c,'s as follows
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_ X974 \here 9.744.<x<9.745
9.745-9.746
(@) ¢ —
s (122940 ihere 9.745<x<9.756 | . [0 001+ 0.744,-0.001 -+ 0.746]
2 9.45-9.746
0 ;  otherwise
_X710927 . here 10.927< x<10.928
10.928-10.927 [c. ] (5)[0.0010 +10.927,-0.001r +10.929)]
_ C (= . 10{+1 7;_- 10{"1‘1
2 (X)(=) _ x-10.929 ; where 10.928<x<10.929; ' i
: 10.928-10.929
0 ;  otherwise
L_ggg ; where 1.999<x<2
2-1.999
B (@)
H,, (X)(=) %'881 . where 2<x<2.001 , [%]”(9[00012+1999-0.001-+2.001]
0 ,  otherwise
X+0.001 oo 0,001 x<0
0+0.001
te,, (¥)(=) % ; where 0<x<0.001 | [&]”(5)0001x~0.001-0001+0.001]
0 ,  otherwise

Now the parameter «,, «,,a,, a,,and «, , for each points u,, u,,u,,u,,U.,Uy,U,,and ug,

can be find as in equation (2), in the following h and « —table

h ( for the initial guess) a ( for the initial guess)

h h, hs h, a a, 3 a, )
Us 20 1.46)(;41 1.‘(‘3241 20 0.278586 0.33433 0.%9743 0.27%86 -1.36602
Ug 20 O.A(fg41 0.654:‘157 10 0.367579 294337 1.12706 1.3?()560 .5 85798
“ 20| 10 |18 10| OB g0 [ OATH 40 | 253301
Ug 20 0.2157 0.?)6241 20 1.33()560 1.17062 2.9;133 O.?é7579 .5 85798
“l 10| 10 0'88129 1.0 1'0578 1.0 1'2537 10 | -4.29099

-

ISSN 2053-2229 (Print), ISSN 2053-2210 (Online)


http://www.eajournals.org/

International Journal of Mathematics and Statistics Studies
Vol.2, No.5, pp.1-13, December 2014

Published by European Centre for Research Training and Development UK (www.eajournals.orq)

UWiiol| 20 10 |20 10 0'279570 1.0 0%5981 1253391
Ul 1.0 0'88129 10 | 10| 10 | 122318 | 1.0 1'0578 -4.29099
10| 1.0 10 10| 10 1.0 1.0 1.0 4.0

The following process to find the initial values of the point ug depending on the above tables
with the equation (3)

U (9) (@61, (4)(@)0, (1)) () )
. (12)

(NBLuU(H) BoCa(H) BiCs(H) BiCyo ), Where B =—1, i=1234.

2%

Hence we the interval of confidence for u” IR (:){o 001c+6.389 . —0.001a +6391} , We are to
{ . 389, 0. :

retain two roots with & €[0,1]. Let 0.001 +6.389 = x, and —0.001« +6.391 = x,, then solving for
a we get

_% 6389 gnd ,_X =639 sofmf for u®is
0.001 ~0.001

_X-8389 . \here 6.389<x <6.390
6.390—6.389

X—6.391

o (X)(E ——————— ; where 6.390<x<6.391
#o N 53906 301

0 . otherwise

In the same way we find f.m.f. for u{®,u{”,ul®,u®,ul?,ul® and u{® are respectively.

X —9.10964
9.11064 —9.10964
x—9.11164

o, (X)(=) ; where 9.11964 < x<9.11164}’
Us 9.11064—-9.11164

; where 9.10964 < x <9.11964

0 ;. otherwise

X —4.50552
4.50652 — 4.50552
X —4.50752 )

oo (X)(=) : where 4.50652 < x < 4.50752
Y2 4.50652 —4.50752

;. where 4.50552 < x < 4.50652

0] ;. otherwise
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X —9.60676
9.60776 —9.60676
X —9.60876 )

o (X)(= : where 9.60776 < x<9.60876
Hyo VN 5750776 —9.60876

;. where 9.60676 < x<9.60776

0 ;. otherwise

X —7.18637
7.18737 —7.18637
X —7.18837 ,

o (X)) (= : where 7.18737 < x<7.18837
Ho VN 7 aoar S 18837

; where 5.049 < x<7.18737

0] ;. otherwise

X —3.71642
3.71742 —-3.71642
X —3.71842 )

A o, (X)(=) ; where 3.71742 <x<3.71842
Ya 3.71742 —-3.71842

; where 3.71642 < x<3.71742

0] ;. otherwise

X —5.82544
5.82644 —5.82544
X —5.82744 ,and

o, (X)(=) ; where 5.82644 < x<5.82744
u 5.82644 —5.82744

; where 5.82544 < x <5.82644

0 ;. otherwise

X—2.17999
2.18099 —2.17999
X —2.18199

2 o (X)(=) . where 2.18099 < x < 2.18199
ui 2.18099 — 2.18199

;. where 2.17999 < x <2.18099

0 ;. otherwise

In the following there are f.m.f of the first and forth approximations respectively using five-
points by the method of Lebmann's iteration process applied to equation (4) with aid of the
following tables

X—2.1799834420
2.1809834420—2.1799834420
X —2.1819834420

Ko (X)(=) ;where 2.1809834420 < x <2.1819834420
U 2.1809834420 —2.1819834420

;where 2.1799834420 < x <2.1809834420

0 ;. otherwise
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Ul 1.U 1.U L.U L.U 1.U 1.U L.U 1.U -4.U
u, | 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 -4.0
u | 1.0 | 10 10 |10 1'0f78 1.0 1'2531 10 | 4.2909
9
u, | 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 -4.0
us | 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 -4.0
U, | 1.0 | 0.645751 0.46410 10 1.3660 | 1.8819 | 2.9433 | 1.2152 7 4065
2 3 2 7 5 y
u, | 1.0 | 0.872984 1.0 1.0 1.0 1'28231 1.0 1'0578 4.2909
9
U, | 1.0 | 0464102 0.64575 10 1.2152 | 2.9433 | 1.8819 | 1.3660 7 4065
1 5 7 2 3 7
X—4.5240998197 : where 4.5240998197 < x <£4.5250998197
45250998197 —4.5240998197
1o (X)(=) X~ 45260998197 . where 4.5250998197 < x < 4.5260998197 '
Uz 4,5250998197 — 4.5260998197
0 otherwise
X—7.1909920574 . where 7.1909920574< x < 7.1919920574
7.1919920574 —7.1909920574
1o (X)(=) X—7.192992074 : where 7.1919920574 < x < 7.192992074
us 7.1919920574 —7.192992074
0 otherwise
X—3.6838677914 :where 3.6838677914 < x < 3.6848677914
3.6848677914 — 3.6838677914
1o (X)) X 3.6858677914 :where 3.6848677914 < x < 3.6858677914 "’
Ua 3.6848677914 — 3.6858677914
0 otherwise
X — 6.7625396356 :where 6.7825396356 < x <6.7835396356
6.7835396356 — 6.7825396356
1o (0)(E) X~ 6.7845396356 :where 6.7835396356 < X < 6.7845396356
Us 6.7835396356 — 6.7845396356
0 otherwise
10
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X —9.6420649696
9.6430649696 —9.6420649696
X —9.6440649696

Ho =)

0 otherwise

X —5.8652966744
5.8662966744 —5.8652966744
X —5.8672966744
5.8662966744 —5.8672966744

0

) =

otherwise

X —9.4245482308
9.4255482308 —9.4245482308
X —9.4265482308
9.4255482308 —9.4265482308

0

Hyw () (=)

otherwise

9.6430649696 — 9.6440649696

; Where 9.4255482308 < x <9.4265482308

;where 9.6420649696 < x < 9.6430649696

;where 9.6430649696 < x < 9.6440649696

;where 5.8652966744 < x < 5.8662966744

and

:where 5.8662966744 < x <5.8672966744

: where 9.4245482308 < x < 9.4255482308

and the f.m.f of the fourth iterations as follows

X —2.1946300042
2.195630042 —-2.1946300042
X —2.1966300042
2.1956300042 —2.1966300042

0

Hyw ()=

otherwise

Xx—4.5613018816
4.5623018816 —-4.5613018816
X—4.5633018816
4.5623018816 —4.5633018816

0

Hygn X)=)

otherwise

X—7.2117460739
7.2127460739—-7.2117460739
X—7.2137460739
7.2127460739 -7.2137460739

0

Mo X)(=)

otherwise

; Where 2.1946300042 < x < 2.1956300042

; Where 4.5623018816 < x < 4.5633018816

; Where 2.1956300042 < x < 2.1966300042

; where 4.5613018816 < x < 4.5623018816

; Where 7.2117460739< x <7.2127460739

; Where 7.2127460739 < x <7.2137460739

11
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X—3.7352139746 ; where 3.7352139746 < x < 3.7362139746
3.7362139746 —3.7352139746
1 (X)(=) X—3.7372139746 © where 3.7362139746 < X < 3.7372139746
ta 3.7362139746 —3.7372139746
0 ; otherwise
X~ 6.8486724996 ;. where 6.8486724996 < x < 6.8496724996
6.8496724996 — 6.8486724996
1 (X)) x—6.8506724996 . where 6.8496724996 < X < 6.8506724996 |’
ts 6.8496724996 —6.8506724996
0 ; otherwise
X—9.6576674056 : where 9.6576674056 < x < 9.6586674056
9.6586674056 —9.6576674056
1 (X)) X—9.6596674056 . where 9.6586674056 < X < 9.6596674056 ©’
Us 9.6586674056 —9.6596674056
0 ; otherwise
X—5.9075901512 : where 5.9075901512 < x <5.9085901512
5.9085901512 -5.9075901512
1o (=) X=5.9095901512 . where 5.9085901512 < x < 5.9095901512 +aNd
U 5.9085901512 —5.9095901512
0 ; otherwise
X—9.4436848069 ;. where 9.4436848069 < x < 9.4446848069
9.4446848069 —9.4436848069
1 (X)) X —9.4456848069 . where 9.4446848069 < X < 9.4456848069
Us 9.4446848069 —9.4456848069
0 ;. otherwise
CONCLUSION

For the given initial values the fourth approximations to solve the above example numerically
is significant results in the domain has curved border. Using five points only, however may
increased the accuracy as desired if we take more iterations.
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