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ABSTRACT: The present paper is devoted to the investigation of lossless transmission lines 

terminated by a nonlinear Josephson junction circuit. Such lines are described by a first 

order hyperbolic system of partial differential equations with sine-nonlinearity. We formulate 

a mixed problem for this system with nonlinear boundary conditions generated by a 

nonlinear resistive circuit. In contrast of our previous result [1] here we cannot reduce the 

mixed problem to an initial value one on the boundary because the hyperbolic system is not 

linear one. We extend results from [2] and present in an operator form the mixed problem in 

question. Then we cut off the domain and show that operator defined is contractive one. Its 

unique fixed point is an approximated solution of the mixed problem. 

KEYWORDS: Transmission lines, Josephson junction, Superconductivity, Nonlinear 
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INTRODUCTION  

A lot of papers have been devoted to the investigation of lossless transmission lines 

terminated by nonlinear loads and their applications to RF-circuits (cf. [3]-[14]). Here we 

consider a lossless transmission line with Josephson junction (cf. [15]-[18]). We proceed 

from a lossless transmission line system with sine-nonlinearity. Unlike [19] here we consider 

a hyperbolic system with boundary conditions generated by Josephson junction with 

nonlinear resistive element. It generates a nonlinear term of polynomial type in the operator 

equation. 

Here we do not follow the usually accepted approach based on the known sine-Gordon 

equation (cf. [15]). So we start with a brief derivation of sine-Gordon equation. We proceed 

from the system 
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where ),( txu , ),( txi  and ),( tx  are unknown functions − voltage, current and Josephson 

flux, L and C are prescribed specific parameters of the line, >0 is its length, 0j  is maximal 

Josephson current per unit length and   215

0 /10/22/ mWe    is flux induction quant, 

 is the Planck constant.  

The commonly accepted approach to derive sine-Gordon equation is the following. 

Beginning from (1.1) we obtain 
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 (1.2) 

So we have showed that if (1.1) has a solution then (1.2) is satisfied. It is quite obvious that 

the inverse assertion could not be proved without additional assumptions. That is why we 

consider the original first order lossless transmission line system. Taking into account  
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t
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),(2),(  . 

we obtain from (1.1) a nonlinear hyperbolic system with two unknown functions: 
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The Josephson junction is described by a circuit at right-hand end (cf. Fig.1). Here 

0/1 JK  is Josephson constant. In contrast of [19] as we have already mentioned the 

transmission line is terminated by a circuit with nonlinear resistive element with polynomial 

characteristic of the type 



m

n

nn ugi
1

)( . 

Fig. 1. Lossless transmission line with Josephson circuit containing nonlinear resistive 

element 

 

For (1.3) one can formulate the following mixed (initial-boundary value) problem: to find the 

unknown functions ),( txu  and ),( txi  in   satisfying initial conditions and boundary 

conditions 
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(1.5) 

Here )(),( 00 xuxi  are prescribed initial functions − the current and voltage at the initial 

instant (cf. Fig.1), )(tE  is a prescribed source function, 0R  is the resistance of the source, 0C  

is the capacity of the linear element, and 



m

n

nn ugi
1

)(  is the characteristic of the resistive 

element. 

Choosing a suitable function spaces and introducing suitable weighted metrics we prove 

existence of generalized continuous solutions of (1.3)-(1.6) by fixed point method [21]. In 

this way we demonstrate of how to overcome the difficulty caused by sine function. For our 

fixed point method sine function is not a “bad” nonlinearity. 
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Diagonalization of the hyperbolic system  

Introducing denotations  
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we can rewrite (1.3) as 
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or 
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In an explicit form they are 
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Substituting ZHU 1  in (2.2) we obtain 
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then (2.4) can be rewritten as: 
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(2.5) 

The new initial conditions become: 

)()()()0,()0,()0,( 000 xVxiLxuCxiLxuCxV  ,                                      (2.6) 
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We have to obtain new boundary conditions substituting ),( txu  and ),( txi  from (2.3) into 

(1.5). 

Indeed, in view of 
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An operator formulation of the mixed problem 

The mixed problem for the new variables is: to find a solution  ),(),,( txItxV  of the 

following system 
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satisfying initial conditions 
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Denote by ),( txV  the smallest value of   such that the solution vtxvtxV   ),;(  of 
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Remark 3.1. We notice that ),( txV  and ),( txI  are retarded functions, that is, 

,),(0 ttxV    ttxI  ),(0  . 

It is easy to see that vtxtxvtxvtx VV  ),;0(),;(   and 

vtxtxvtxvtx II  ),;0(),;(  . 

 

Fig. 2. Characteristics of the hyperbolic system 
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Prior to present problem (3.1) in an operator form we introduce  
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MAIN RESULT  
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Theorem 4.1. Let the following conditions be fulfilled: 
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Then there exists a unique generalized solution )(),( CIV  of (3.1-1)-(3.1-3). 
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Further on we have: 
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It should be noted that the actual physical quantities (voltage and current) should be 
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