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ABSTRACT: This paper shows the calculation of velocity field and shear stress
corresponding to Generalized second grade fluid performing sinusoidal motion. Shear stress
is found by using Df Gap,c(-,.) = Gap+sel(.,.) [4]. Velocity field obtained by applying Laplace
and Hankel transforms. The solution have been written in series form by using generalised
function G.,.,.(.,t) and Bessel functions.
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INTRODUCTION

The exact solution corresponding to the flow of fractional second grade fluid in circular
cylinder were found and written under integral and series form by using G.,.,.(.,t) function and
found Newtonian and ordinary second grade fluid performing the same motion [1]. The aim of
this paper is to calculate shear stress corresponding to non-Newtonian fluid by applying
fractional derivative and the result mentioned in abstract of this paper.

The non-Newtonian fluids with fractional derivatives have encountered a lot of success in
describing complex fluid dynamics. The governing equations corresponding to the motion of
fluid are obtained from those of ordinary fluids by replacing inner time derivative by the so
called Riemann Liouville operator D defined by

Be — 1 d ot f(D
DY) = fy aonpdt 0<B<l

=2/ ® p=1

An excellent discussion of fractional differential equation and a good history of fractional
calculus is given by K. S. Miller [9] carl. F. Lorenzo [3] presented a very useful paper on
fractional derivative which are much flexible in describing visco elastic behaviour of fluids [6]
M. Kamran [7] and A. Mahmood [8] presented exact solution for unsteady rotational flow of
the generalized second grade fluid. M. Athar [2] solved Taylor—Couette flow of the generalized
second grade fluid.

Governing Equations
In this paper we consider the velocity V and the extra stress S of the form
V=V(rt)=w(rt)ey
S=5(,t)
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Where eq is the unit vector in the 8 direction of the cylindrical coordinate system. Att =0
we have

w(r,0) =0

The governing equations corresponding to such motion of ordinary second grade fluid are

a a
1(r,t) = (u+ a5 G- — ) 0, t) (1)
dw(rt) ad. , 92 19 1
= O+t —3) o) )

Where [ is dynamic viscosity of the fluid and a = % is material constant; 9 = % Kinematic
viscosity of the fluid. Where p being its constant density and
T(r,t) = Sy¢(r, t) is the shear stress.

Governing equations corresponding to fractional second grade fluids are obtained by replacing
inner time derivative w.r.t “t” by fractional derivative p# ,B>0.

a
T(r,t) = (u+aDf) (- — ) w(r,t) 3)
dw(rt) Z 14 1
L= @+ D)+ — ) ol t) @)

Flow through a circular cylinder with a shear on boundary

Consider incompressible generalized second grade fluid at rest, in an infinitely long cylinder
of radius R>0. At time t=0 fluid is at rest and at time t=0" cylinder begins to rotate and boundary
of cylinder applies a sinusoidal shear stress on fluid. The fluid is gradually moved. The
governing equations as given by (3) and (4). Boundary conditions and initial conditions are

w(r,0)=0 Where re(0, R]

Jd 1
_ B
R0 = (1 + D))= ) 000 | o
= QRsin(w, t) with t>0
Q is constant

Calculations of velocity field

Applying Laplace transform to (3) and (4), and then applying Hankel transform and breaking
wy (1, q) into two parts [1].

_ 1 (RJ1(Rrp)QwR
Buy (1, q) = — (LEg2et) (5)

uri \ (q%+ w?)
and

R]l(RTn)QwRq(1+qB_1ar%)
urE (@2 + w?)(q+uri+aqhri)

(6)

Wop (h,q) =
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Applying inverse Hankel transform to (5) and (6) and then inverse Laplace transform we get
the velocity field,;

Qrd ¢ J.(rr,)Q
w(r,t) = —sin(wt) — ZZ—X
2R D 72 2wz R
[} t

[ (=95 [ Sin(@s)6r gk +1(~ar,t = s)ds +

k=0 0
foe) t

ar? Z(—ﬁrnz)k f sin(ws)Gy—g g +1(—ans,t — s)ds] (7)

k=0 0

Where generalized function Gap,c (d,t) is defined by [3] equations (97) and (101)
Gope(d D) = L[] =
apc(dt) = L7 [—] =

[0e]

dkrc+k t(c+k)a—b—1
kZO Iclk+1  T(c+k)a—b

Re(ac—b) >0, |qd—a |<1

Calculation of shear stress

T(T', t) = (,Ll + alDt )(5 - ;) a)(r, t)

Qr? > ()0
B . 2 n
t(r,t) =(u+ a,D | —sin(wt) +2 ) ————— X
(n+ @i0f) MR £ urJy ()
oo t
[Z(—ﬁrnz)k f sin(ws)G1-g1-p—pik +1(—ani, t —s)ds +
k=0 0

t

ar? 2(—197;3)"} sin(ws)Gy—p —pi+1(—ans, t — s)ds]
k=0 0

_Qr? sin(wt) S L, ()0

R Ly ) (Rr)
t

[Z(—ﬁrnz)k f sin(ws)G1-g1-g—pik +1(—ani, t —s)ds +
k=0 0
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aury Z( 92k f sin(ws)Gy—_g g +1(—ans,t — s)ds] +

- [D (sin(wt)]+ 2y n=1‘ur"]1(an)

t

O 0m2)* [ Sin@S)6r- 1k +2(—ari s = s)ds +
k=0 0

t

arar? Y (<0 [ Sin@S)6r-p s g (st = )ds]) ©)
k=0 0

1. Newtonian

Applying @ = 0 and a; = 0 in (7 and 8) we get,

ar? NEAGHY
(1)(7', t) = ﬁsm(wt) - anlmx
2( o) f Sin(wS)G1—p1-p-prss (0.t — 5) ds 9
(r,t) = arf sin@o 5 Jo(rm)0 X
R - rn.]l(RTn)
n=1

o) t
[Z (_19Tnz)k J Sin(w5)51—ﬁ,1—ﬁ—ﬁk,k +1(0,t — s)ds] (10)

k=0 0

B — 1 for ordinary second grade fluid

]1 (TTn).Q
R (Rr)

3 [ee]
w(rt) = %sin(wt) - ZZ
Z( ﬁrz)kfsm(ws)GO,_k,k +1(0,t — s)ds] (11)

Qr? sin(wt) 2 J2(rm)Q

(r,t) = 2 X nzlmx
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0 t
[ (95" [ Sin@s)Go, s (0,6 = 5)ds] (12)
k=0 0
CONCLUSION
The velocity field and shear stress corresponding to generalized second grade fluid were

calculated and written in the series form with the help of generalized function G.,.,.(.,t). The
velocity field was calculated by applying Laplace transform and Hankel transform. Shear stress

was

calculated by using

DfGa, b, c (., t) =G a, btf, c (-; t)

Newtonian and ordinary second grade fluid were found as a limiting case.
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