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ABSTRACT: The action of finite subgroups of the orthogonal group O(D 3) on the set of their

polesis  well-known; (See Benson and Grove [1]; Neumann et al. [4]). In this paper we will
use an approach different from the traditional one. We shall use the concept of marks of a
permutation group. The results obtained agree with those obtained earlier (See [1], [4]).
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INTRODUCTION
An orthogonal group of a vector space V, denoted O(V), is the group of all orthogonal

transformations of V under the binary operation of composition of maps. If T €O(V), then

detT =+1 and T =T". The well-known finite subgroups of the orthogonal group in three
dimensions are: the cyclic groups Cy; the dihedral group of degree n, Dy; the alternating group of
degree 4, A4; the symmetric group of degree 4, S4 and the alternating group of degree 5, As. The
groups Dy are isomorphic to the groups of rotations of regular n-gons, A4 is isomorphic to the group
of rotations of a tetrahedron, S4 is isomorphic to the group of rotations of a cube or an octahedron
and As is isomorphic to the group of rotations of an icosahedron or a dodecahedron. These

rotations are all done in 1 ® (3 — dimensions), otherwise in [1?, some of them become reflections.
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Notations and Preliminaries

Notation 2.1

Throughout this paper, G will denote a finite subgroup of the orthogonal group O(D 3)while T

will denote the set of poles of a finite subgroup G of O(0°).

Definition 2.1

Let O(1J°) be the orthogonal group in three dimensions, then the unit sphere S ={p e[l *:|p| =1}

is left invariant by every transformation T eO(D 3). If T =1 (identity) is a rotation, then there

are precisely two diametrically opposite points; p, — p on the unit sphere which are left fixed by

T. These are the points of intersection of S and the rotation axis for T and are called poles of T.

Theorem 2.1 (Benson and Grove [1])

Consider a finite subgroup G of O(D 3); each of its elements not equal to the identity has a pair

of poles p, —p and the set of elements of G with a given axis form a finite cyclic subgroup of

G. Furthermore if 7 is the set of poles of non-identity rotations of G, then G acts on 7.
Theorem 2.2 (Burnside [2])

Suppose that the number of subgroups in a finite group G is s (where a set of conjugacy class is

counted once). If we collect a complete set; G,,G,,...,G, in ascending order of their orders i.e.
IG,|<|G,|<...<|G,|, where G, = identity and G, =G, then the set of corresponding coset
representations; G(/G;),(i=12,...,s) is the complete set of different transitive permutation

representations of G.
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Theorem 2.3 (Burnside [2])

Any permutation representation Pg of a finite group G acting on X can be reduced into transitive

coset representations with the following equation:

P,=Y>aG(/G) (i=12...9), 1)
where the multiplicity ¢; is a non-negative integer.
Definition 2.2 (Ivanov et al. [3])

The table of marks of a group G is the matrix M (G), with (i, j) - entry m; equal to m(Gj .G, G)

, the mark of the subgroup G; in the coset representation G (/Gi )

That is
Gl GZ Gs
G (/ Gl) m11 m12 e mls
G (/ GZ ) mgl mzz e mZS
G(/G,) m,, m, m

Theorem 2.4 (Burnside [2])

The multiplicities ¢, in equation 1) are obtained by using the table of marks as;

pi=> amg, (j=12...,s)
i=1
where, x; is the mark of G; in the permutation representation F,. Furthermore if

g =14, 1ty,..., ;) is @ vector with components x; and a=(ay,a,,...,a,) is a vector with

components the multiplicities ¢, in Theorem 2.3 and M(G) is the table of marks of G, then
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u=aM(G) 2)

Theorem 2.5 (Orbit — Stabilizer Theorem) (Rose [5])

Let G act on the set X, and let xe X . Then

|Orb; ()| =|G : Stabg (X)| .

3. Analysis of actions of Finite Subgroups of O(RS) on the set of their Poles using Table of

Marks

a) ActionofG=ChonT

The cyclic group G has exactly 2 poles. The subgroups of G are of the form Cx where k|n and
since G is abelian each of its subgroups is normal. Suppose G has r subgroups, say
C,=1C,,Cy,....,C. =G with i'|n and i"<(i+1), (i=12...,r-1). Then each of these
subgroups fixes the 2 poles so that u =(2,2,...,2), an r —tuple. The table of marks of G is as

shown in Table 3.1 below.

Table 3.1: Table of marks of G = Cn

C, =1 C, Co C. =G
G(/C,) m,,
G(/C,) M,y My,
G (/ C ) M, 1 M1 T M, 4
(r-1)
G ( / Cr,) 1 1 1 1

Let a=(a,@,,....¢, ), then by Equation 2) and using Table 3.1 we obtain the following system

of linear equations,
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am,+a,m, +...+a, m ,+a, =2
a,m, +...+a, M ,+oa, =2

a M, +ta, =2

o =2

r

Since m; =0 forall i,¢; 20, 1<j<r and «, =2,the solution to the above system of linear
equations is & =(0,0,...,0,2). Hence by Theorem 2.3,

P, =2G(/G).
Therefore by Theorem 2.5 the action of G on 7 yields 2 orbits of length one with G as the
stabilizer.
b) Actionof G=DnonT

The dihedral group Dn is isomorphic to the group of rotations of a regular n — gon in three
dimensions. A regular n — gon centred at the origin of [1° has n 2 — fold axes of rotation

perpendicular to the n — fold axis. Hence |z|=2(n+1)=2n+2 poles.

The subgroups of Dn depend on whether n is odd or even and are either cyclic or dihedral.

Case 1: When nis odd
In this case, the subgroups of D, of order 2 lie in one conjugacy class of length n, hence its
subgroups are;

i). Identity.

ii). A conjugacy class of n cyclic subgroups of order 2, Co.
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iii). Normal cyclic subgroups C,,C, ,...,C,, contained in C, where m, |n, 1<i<r.

iv). Dihedral subgroups D,,,D,, ,...,D,, where m|n, 1<i<r.
v). A normal cyclic subgroup of order n, Ch.

vi). D,.
The only subgroups that fix a pole are 1L,C,,C,,,...,C,, and Cn. The identity fixes 2n+2 poles,
C2 and C, each fixes 2 poles and C,,....C, each fixes 2 poles. Hence

#=(2n+2,2,2,...2,0,...,0,2,0), a2r+4—tuple. The corresponding table of marks of Dn  (n

odd) is as shown in Table 3.2.

Table 3.2: Table of marks of G = Dy, n odd

1 C, Cp - Cy, D, .. D, C,

G(/1) 2n

c(ic,) | N 1

G (/ le ) m31 m32 m33

G (/ Cmr ) mr+21 mr+22 mr+23 cet mr+2r+2

G (/ Dml ) mr+31 mr+32 mr+33 oo mr+3r+2 mr+3r+3

G (/ Dmr ) m2r+21 m2r+22 m2r+23 M m2r+2r+2 m2r+2r+3 b m2r+2 2r+2
G(/C,) 2 0 2 . 2 0 . 0 2
G(/G) 1 1 1 . 1 1 . 1 1

Let & =(04, 0, gy s Oy Uy gre ey Oy s Oy i3, Oy ) - Then by Equation 2) and using Table 3.2

we obtain,
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2nal + naz + a3m31 t...+ ar+2mr+21 + ar+3 mr+31 +.o..t a2r+2m2r+21 + 2a2r+3 + a2r+4 = 2n + 2

Oy +0Myy +.oo 0 My T Mgy 0 My + Q=2

QMg oot )M,y + Qs Mgy o F Uy oMy +255  +0p =2

a mr+2r+2 + ar+3mr+3+r+2 t...+ a2r+2m2r+2r+2 + 2a2r+3 + a2r+4 = 2

ar+3mr+3+r+3 to.t a2r+2m2r+2r+3 + a2r+4 = 0

r+2

Oy aMyrioori2 + 4 =0
20y, 3 + 0y =2

o, ., =0

Since m; #0 forall i, «;>0, 1<j<2r+4 and a,,,=0, soa2=(0,2,0,...,0,0,...,0,1,0);
by Theorem 2.3,

P, =2G(/C,)+G(/C,).
Hence by Theorem 2.5, the action of G on 7 yields 3 orbits; 2 orbits of length n with C, as the
stabilizer and 1 orbit of length 2 with C_ as the stabilizer.
Case 2: When n is even
In this case, the subgroups of Dy of order 2 lie in two conjugacy classes each of length 1 o hence
its subgroups are;

1). ldentity.

il). A conjugacy class of % cyclic subgroups of order 2 denoted by C, (%)

iii). A conjugacy class of % cyclic subgroups of order 2 denoted by C, (%

iv). A normal cyclic subgroup of order 2 denoted by C,(1).
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v). Normal cyclic subgroups le, sz,...,Cmr contained in C_  where

m|n and m =2, 1<i<r.

vi). Dihedral subgroups Dml, sz,...,Dmr where m;|n, 1<i<r.

vii). A normal cyclic subgroup of order n, C._.
viii). D

n:

The only subgroups that fix a pole are 1, C, (%) C, (%) c, (), C,.....C, and

C,. The identity fixes 2n + 2 poles, C, (%) C, (%) C,(1) and C, each fixes 2 poles and

C.,...,C_ each fixes 2 poles. Hence y=(2n+2,2,2,2,2,...,2,0,...,0,2,0),a2r+6—tup|e.

mee m,

The corresponding table of marks of D, , n even is as shown in Table 3.3.

Table 3.3: Table of marks of G = Dn, n even

! Cz(%) Cé(%) Cz(l) le Cmr Dml Dmr C,

G(/1) 2n

s(ic.() | " 2
s(ici() | " 0 :
G(/IC,(1) | " ° ° "
G (/ C, ) Mgy Ms, Mg, mg, Mg
G (/‘Cmr ) m;+4l m;+42 m;+43 m.r+44 m‘r+45 U mr+4r+4
G (/ Dm1 ) mr+51 mr+52 mr+53 mr+54 mr+55 et mr+5r+4 mr+5r+5
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G (/ Dmr ) m2r+41 m2r+42 m2r+43 m2r+44 m2r+45 m2r+4r+4 m2r+4r+5 My 42014
G(/C, 2 0 0 2 2 2 0 0o 2
G(/G) 1 1 1 1 1 .1 1 1 11

OOy iar Oy Oy ) - Then by Equation 2) and using

Let o =(a, @, 30 ey Uy

Table 3.3 we obtain,
+ Qg Myryy + 20,5+ 06 =20 +2

Gy Mgy QMg o
Mg Feet Qs Mygy + Q=2

2N, +Na, + Na +Nayy + oMy +...
) T .5

2at, +am, +... a,,, M.,
mr+53 +...+ a2r+4 m2r+43 + a2r+6 = 2

ar+4 mr+43 + ar+5
ta  Myas t 2a2r+5 T = 2

20, +oM, +...
+ ar+5 mr+54 +...

Na, + oMy, +...

S}

r+4 mr+44
Qg Myrgs + 20,5 + 0 =2

OsMeg +ooo A My ys + O s Mgy ..
Qo gMyygpia + O sMysrg +eoeet Aop sy gy 20,5 + Qs =2
ApysMyisrys oot Qo aMy s + Q=0
+ 6 =0

Since m; 20 for all i,¢;>0,1<j<2r+6 and «,., =0, so a= (0,1,1,0,0,...,0,0,...,0,1,0).

Therefore by Theorem 2.3,
P. =G(/C,(15))+6(/cs(g))+ 6 (1C,).

Hence by Theorem 2.5, the action of G on 7 yields 3 orbits; 1 orbit of length n with C, (%) as
the stabilizer, 1 orbit of length n with C; (%) as the stabilizer and 1 orbit of length 2 with C_ as

the stabilizer.
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c) ActionofG=AsonT

The alternating group A, is isomorphic to the group of rotations of a tetrahedron. A tetrahedron
has 4 faces, 4 vertices and 6 edges, hence 7 axes of rotation. To each axis, there corresponds 2

poles, therefore |r| =2x7=14 poles.

Furthermore, A, has five conjugacy classes of subgroups. These are;
i). ldentity.

ii). 3 conjugate subgroups of order 2, Co.

iii). 4 conjugate cyclic subgroups of order 3, Ca.

iv). A normal subgroup of order 4 isomorphic to C, x C2> which we shall denote by Va.
V). As

The only subgroups of A, that fix a pole are 1, C, and C, with 14, 2 and 2 poles fixed
respectively. Thus u= (14, 2, 2,0,0) . The table of marks of A, is as shown in Table 3.4 below;

Table 3.4: Table of marks of G = A4

1 C GCs Va A4
G(/1) 12
G(/c,) | 6 2
G(/C,) 4 0 1
G(/V4) 3 3 0 3
G(/G) 1 1 1 1 1

Let a =(ay, 5,05, 04,05). Then by Equation 2) and using Table 3.4 we obtain,
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120, +6a, +4a, +3a, + o, =14
2a, +3a,+0,=2

a, +a, =2

3a, +a, =0

a, =0
Thus & =(0,1,2,0,0). By Theorem 2.3,
P, =G(/C,)+2G(/C,).
Hence by Theorem 2.5, the action of G on 7 yields 3 orbits; 1 orbit of length 6 with C, as the
stabilizer and 2 orbits of length 4 with C, as the stabilizer
d) Actionof G=SsonT

The symmetric group S, is isomorphic to the group of rotations of a cube or an octahedron. Since

a cube and an octahedron are dual polyhedra, we examine the rotational symmetries of a cube. A

cube has 6 faces, 8 vertices and 12 edges, hence 13 axes of rotation.

Therefore |z'| =2x13=26 poles. Also S, has 11 conjugacy classes of subgroups, these are;

). ldentity.

ii). 6 conjugate subgroups of order 2 generated by permutations of the form (ab). A subgroup
representative is denoted by Co (6).

iii). 3 conjugate subgroups of order 2 generated by permutations of the form (ab) (cd). A
subgroup representative is denoted by C> (3).

iv). 4 conjugate cyclic subgroups of order 3, Ca.

v). 3 conjugate cyclic subgroups of order 4, Ca.
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vi).

vii).

A normal subgroup of order 4 isomorphic to Cz x Cz generated by permutations of the form
(ab) (cd). We denote this subgroup by Va(1).

3 conjugate subgroups of order 4 isomorphic to C> x Cz generated by permutations of the
form (ab) and (ab) (cd). A subgroup representative is denoted by Vs (3).

4 conjugate subgroups of order 6 isomorphic to Ds.

3 conjugate subgroups of order 8 isomorphic to Da.

As

Sa.

The only subgroups that fix a pole are 1,C,(6),C,(3),C, and C, with 26, 2, 2, 2 and 2 poles fixed

respectively. Thus 1 =(26,2,2,2,2,0,0,0,0,0,0).

The corresponding table of marks G = S is as shown in Table 3.5 below.

Table 3.5: Table of marks of G = S

1 Cy6) Ca8 Cs Cs Va(l) V4B Ds Ds As S4
G(/1) 24
G(/C,(6)) | 12 2
G(/IC,3) |12 0 4
G(/lc,) | 8 O 0 2
G(/c,) |8 0 2 0 2
G(/V,) | 6 0 6 0 0 6
G(/V4(3)) 6 2 2 0 0 0 2
G(/ID,) | 4 2 o 1 0 o0 0 1
G(/p,) |3 1 3 0 1 3 1 0 1
G(/A4) 2 0 2 2 0 2 0 0O 0 2
G(/G) 1 1 1 1 1 1 1 1 1 1 1
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Let o =(a,,,....aq, ), then by Equation 2) and using Table 3.5 we obtain,

240, +12a, +120, +8ax, + 60 + 60 + 60, + 40y + 3y + 20, + 0t = 26

2a, +20, + 204+ a +a,=2
4a, + 20, + 60, + 2, +3ay + 20, +ay, =2
2a, +ag +2a,+oy, =2
20, +a, +ay, =2
6o, +3ay + 20, +a,, =0
20, +a, +a,=0
oy +a,=0
+a, +a,=0

204, +a,, =0

a, =0
Thus «=(0,1,0,1,1,0,0,0,0,0,0). By Theorem 2.3,
P, =G(/C,(6))+G(/C,)+G(/C,).
Hence by Theorem 2.5, the action of G on 7 yields 3 orbits; 1 orbit of length 12 with C,(6) as the
stabilizer, 1 orbit of length 8 with C,as the stabilizer and 1 orbit of length 6 with C, as the

stabilizer.

e) Actionof G=Ason7
The alternating group A, is isomorphic to the group of rotations of an icosahedron or a

dodecahedron. Since an icosahedron and a dodecahedron are dual polyhedra, we consider the

rotational symmetries of an icosahedron. An icosahedron has 20 faces, 12 vertices and 30 edges,

hence 31 axes of rotation. Therefore |r| =2x31=62 poles.
Also A, has 9 conjugacy classes of subgroups, these are;

i). Identity.
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V).

vi).
vii).
viii).

iX).

15 conjugate subgroups of order 2, Co.

10 conjugate cyclic subgroups of order 3, Ca.

5 conjugate subgroups of order 4 isomorphic to C, x Cp, a representative subgroup is
denoted by V..

6 conjugate cyclic subgroups of order 5, Cs.

10 conjugate subgroups of order 6 isomorphic to D3,

6 conjugate subgroups of order 10 isomorphic to Ds.

5 conjugate subgroups of order 12 isomorphic to Aa.

As.

The corresponding table of marks of G = As is as shown in Table 3.6.

Table 3.6: Table of marks of G = As

1 G Cs V4 GCs Ds Ds A4 As
G(/1) |60
G(/c,) |30 2
G(/C3) 20 0 2
G(V,) |15 3 0 3
G(/Ic) |12 0 0o 0 2
G(/p,) |10 2 1 0 0 1
G/p) |6 2 0 0o 1 0 1
G(/A) |5 1 2 1 0 0o 0 1
G(/G) |1 1 1 1 1 1 1 1 1

The only subgroups that fix a pole are 1,C,,C, and C,with 62, 2, 2 and 2 poles fixed respectively.

Thus 1 =(62,2,2,0,2,0,0,0,0). Now, let o =(e,a,,...,a,). Then by equation 2) and using

Table 3.6 we obtain,

40

ISSN 2053-2229 (Print), ISSN 2053-2210 (Online)



International Journal of Mathematics and Statics Studies
Vol.3, No.1, pp.27-42, May 2015

Published by European Centre for Research Training and Development UK (www.eajournals.org)

60¢, +30a, + 20, +15¢, +120 +10c, + 6cr, + 505 + ¢y = 62

2a, +3a,

20, + o +204+0ay=2

3a, + ag+a,=0

20, +a,

oy +a,=0

Thus «=(0,1,1,0,1,0,0,0,0). By Theorem 2.3,

P, =G(/C,)+G(/C,)+G(/Cy).

+20 +20,+ 0 + g =2

+a,=2
+ay,=0
+a,=0

+ay,=0

Hence by Theorem 2.5, the action of G on 7 yields 3 orbits; 1 orbit of length 30 with C, as the

stabilizer, 1 orbit of length 20 with C, as the stabilizer and 1 orbit of length 12 with C, as the

stabilizer.

The results obtained can be summarized as shown in Table 3.7 below;

Table 3.7: Orbits and stabilizers of actions of G < O(D 3) on T

G |G| Orbits |r| Order of stabilizers

C, n 2 2 n n

D, 2n 3 2n+2 2 2 N
A, 12 3 14 2 3 3
S, 24 3 26 2 3 4
A 60 3 62 2 3 5
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