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ABSTRACT: This model can be considered as another useful 3-parameter generalization of
the Weibull distribution. The estimation of parameters of Marshall and Olkin Weibull
distribution under progressive censoring is investigated, maximum likelihood estimators of the
unknown parameters are obtained using statistical software (Mathematica), MLE performs for
different sampling schemes with different sample sizes is observed, and the asymptotic
variance covariance matrix is computed also.
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INTRODUCTION

Marshall and Olkin (1997) proposed a modification of the standard Weibull model through the
introduction of an additional parameter  (0<a <), leading to a cumulative distribution
function of the form

oe 7(& )[}

Ft)=|1- , A, 0. 1-1
) ( 1—(1—a)e(/1t)ﬂ} a kB> (-1)

With probability distribution function

(Aap)(4t) e ™
(1—(1—04)e“‘>”)2 |
The quantile function is given by
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The hazard rate is

hwz(wmm“w
(1—(1—v)e*”))

(1-4)
The following diagram provides graphs of the modified Weibull density function for selected
values of the parameters.
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Fig (1-1) density function of modified Weibull distribution 2 =2
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The following diagram provides graphs of modified Weibull hazard rates
Fig (1-2) hazard rates of modified Weibull distribution 2 =2
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Marshal and Olkin (1997) studied the hazard rate and found that it is increasingif a > 1,5 >
1 and decreasing if x< 1,8 < 1.If B > 1 then the hazard rate is initially increasing and
eventually increasing , but there may be one interval where it is decreasing.Similarly , if § <
1 then the hazard rate is initially decreasing and eventually decreasing , but there may be one
interval where it is increasing .

Marshal and Olkin (1997) proposed a way of introducing a parameter, to expand a family of
distributions. Ramesh C. Gupta et al. (2010) compare the modified distribution and the
original distribution with respect to some stochastic orderings. Also investigated thoroughly
the monotonicity of the failure rate of the resulting distribution when the baseline distribution
is taken as weibull.

It turns out that the failure rate is increasing, decreasing, or non-monotonic with one or two
turning points depending on the parameters. For non-monotonic types, the turning points of
the failure rate are estimated and their confidence intervals are provided. Simulation studies
are carried out to examine the performance of these intervals.

MAXIMUM LIKELIHOOD ESTIMATION
In case complete data

Consider a random sample consisting of n observations. The likelihood function of this sample

(R SV toa, B A) =ﬁf (D) (1—5)

(a;)?

(@A) () e
L(t,a, A, B) = = (1-6)

n

[Ta-@-ap ™"y

On taking logarithms of (1-6),

LL=n Iog(aﬂﬂ)—i(ﬂti )? +(,8—1)i(ﬂti)—Zanlog(l—(l—a)e’(’“)ﬂ) a-7)

Differentiating (1-7) with respect to a, A and B and equating to zero are:

oL n & g ()
——=—-2) =0, (1-8)
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The maximum likelihood estimate (MLE) (e, 4,8 ) of (a, 4, B) is obtained by solving the
nonlinear likelihood equations (1-8), (1-9) and (1-10). These equations cannot be solved
analytically and popular software can be used to solve these equations numerically.

In case progressive type two right censored data.

Let t1,t2, ......... tn be independent and identically distributed random lifetimes of n items. A
type—Il progressively right censored sample may be obtained in the following way: the failure
time of the first ty,ry are not observed; at the time of the (r+1)st failure, denoted with tr+1,Rr+1
number of the remaining units are withdrawn from the test randomly. At the time of second
failure, denoted with t2, Rr+2surviving items are removed at random from the remaining items,
and so on. At the time of the mth failure, when m is a predetermined number all the remaining
Rr+m items are censored.

Therefore, a progressively type-Il right censoring scheme is specified by integer numbers n, m
andry,......... rm-1 With the constraints

N- m-ri-....rm-1> 0, n>m>1.

Let The likelihood function to be maximized when general progressive type Il censored sample
based on n independent with F (t) is L (6)

L) =c"[F(t,,.0)] Hf (t,.0)[1-F (t,,0)]" (1-11)
Where, o

T <t <..<t,,
c*zn—!(n—Rm—r—l)...(n—RHl—...—Rm_l—m +1),

ri(n—r-1)!

The likelihood function given in Eq. (1.11) can be expressed as:
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The log-likelihood ~ function, denoted by I(t;a,4,8) , takes the form

| ae*(ﬂtml)
| (t;a, A, B) =constant+(m +r )log[aAS]+r log [1— 1-(1-a) |

m+r m+r

+(B-1) Zlog[/lt] Z (4t;) —ZZIOQ[l—(l_a)e(lti)ﬂ}_i_
+n§’:Ri IOg[ ae ) ] (1.13)

1-(1-a)e ™™ y

The three equations obtained by differentiating (1.13) with respect to o, A and 3 and equating
to zero are:
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ag(t) — m+r + (1_B(tr+l)) (l_B(tr+1))2 4+ < D(tl)

o o 1— A(tr+1) 2|;11_B(t|)
1-B (tr+1)
D(t,..) F..)
mar D(E)A—B(E))( W 2R,
+i;1 (l_ B (ct;r+1)) (1 B (tr+1)) — O, (1_14)

(A(tr+1)G (tr+1) F (tr+1)G (tr+l))
o) _mer (m-n(p-1) | 1-B(.)  (0-BE.) oo BEBE)

oA A A 1- (r+1) i=r+l i i=r+l 1_B(t|)
1-Bf(,,,)
AL)G(E) FE)G(E)
m+r D(ti)(l_B(ti))Ri(_ I - I |2
_I_Z 1_B(t|) (1_B(t|)) ZO, (1_15)
i=r+l a
r( (r+1)C(tr+1) F(tr+1)ac(tr+1)
o) _mer | 1-B(.) | (-B(L)' % R RBEC()
B B L AL " oalA - 2,C0)-22, TT5h Y
1_B(tr+1)
ACIC(E) Ft)aCt)
mar D(ti)(l_B(ti))Ri(_ l - I 2|
i;:L 1;B(t|) (1_B(t|)) =0, (1—16)
28

ISSN 2055-0154(Print), ISSN 2055-0162(Online)


http://www.eajournals.org/

European Journal of Statistics and Probability
Vol.3, No.2, pp.24-37, June 2015

Published by European Centre for Research Training and Development UK (www.eajournals.orq)

Where,

Alt,..) = ae )
B(t,,)=(-a) "
C(t,.,) =log[At, ,1(4t, ;)"
D(t,,)=¢ ~(Atr)’

F(t,.) =) ™"

G (t ) =ptra(dt,.)"

The maximum likelihood estimate (MLE) (OA!JAV,,B) of (a,l,ﬂ) is obtained by solving the

nonlinear likelihood equations (1-14), (1-15) and (1-16). These equations cannot be solved
analytically and popular software can be used to solve the equations numerically.

Fisher information matrix | (€)
E[azlzj E(azl j E(azl ]
oa ool oaopf
o () o2 2]
n o) Yolot oA oA0p
(e =l =[5
opoa OPoA op?

The elements of the sample information matrix, for progressively type Il censored will be
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Where,

Q(t,.) =e
H(t,.,)=ae ¥*)
3 (t,.) =

K (t, ) = ae 2
L(t,.0)=e )

N (tr+1) = lBt 2(21)5_2
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S(t,,)=al-a)e 3

at,.,) = a(l—a)e 2

b(t,..) = At loglat,  1(At,.,)""
c(t,.,) =log[it,,.J"(At,.,)"
d(t,,) = al—a)’e ¥

e(t,,,) = ft, . loglit, ,1(4t, ,)*""
f ()= @-a)e ™"

g(t,..) =t )"

h (tr+1) = Iog[/’{’tr+1](ﬂ’tr+1)2ﬁ
w (tr+1) = ﬁzt 2(2"':r+1)2ﬁ72

A AN

For & >0 , the maximum likelihood estimators ( «, 4,8 ) of (a,A,/) ,are consistent
estimators, and «F(O? —-a, A- A, ﬁ —,B) is asymptotically to normal with mean vector 0 and

variance-covariance matrix | .

Asymptotic variance covariance matrix

ol | Al

Vi) cor(bd) cov(h)) | Bhay Gty dedsly)

A cordd) vih el s ai;W STIZW aia'm.
cowldf) colhh) v |

opoaly)) oporly))  OF%))))

Numerical experiments and data analysis

In this section, we present some results from generating progressive censored type 11 data from
extended Weibull distribution by using Mathematica to observe how the MLEs perform for
different sampling schemes and for different sample sizes, The asymptotic variance covariance
matrix is computed also. We have taken n=50, 100 and 150, m=20, 40 and 60.

Different sampling schemes. Different values of the parameters are takena=1.8, 2.0, and 3.0,
2=0.5, 1.5, and 3, f=0.5, 1.5 and3

In each case, we have calculated the MLEs. We replicate the process 1000 times and compute
the average biases and standard deviations of the different estimates.

The scheme (n, m, ),
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Scheme[1] n=50, m=20, r=0, R1=R2=R3=......cccceeeievviireeresveereeeeeee. R19=1
R2o=11.
Scheme [2] n=100, m=40, r=0, Ri=R>=R3=.............cc cev oo ... ... R39=1 R40=2
Scheme [3] n=150, m=60, r=0, Ri1=Ro=Rs=.............c.cee e ee eev e ... R5g =1 Rgo=31.
Scheme[4] n=200, m=80, r=0, Ri=R2>=R3= .......c.ce. e essev v ee e e R79=1, Rgo=41.

Table 1: Estimation of parameters when a=3, A=1.5, =0.5.

Scheme & A [3 V?i r(&/)t/é)

g -1 ey
U QIS
QI GREE]

(50, 20, 0) 2.9731 1.7182 | 0.5899

(O3 (T RE83
(100,40,0) 2.8718 1.6092 | 2.7947 -

(ROEEL)

Table 2 Estimation of parameters using Scheme[3]

T [E[E [ AL

0.05829 0.02384 0.13491
0.02384 0.01214 0.06020
0.13491 0.06020 0.35797

18 |05 1.5 1.718 0.705 1.455

QIO ED TSV
A O O3
Qs OATD 6171

2 3 3 2.324 2.9 3.1
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Table 3 Estimation of parameters using Scheme[4]

a |4 p & A /§ v&r(&iﬁ)

(OB (] 03
(DS <NE 2 S AP PGS
QRO (3003
(R A 3K
QAE" (0¥ Gaore’
(QIKES (0P (A 71Tl

18 {05 |15 |22 0.5472 1.5

2 3 3 2.2 29174 3.1188

Bayesian Estimation

Here we consider the bays estimation of the unknown parameters when both are unknown.
Here we assume gamma prior for a, A and
f () cae™
f,(1)oc A e ™
fo(B)oc g0
Ifty, to, ......... tn are the random sample of size n then the likelihood function is given by
n Loy
(@B [](at,) e =

Lt df) =" - 1-22)
t,a, 4, 0) H(l—(l—a)e_(/ui))z

i=1

The joint posterior density function of a,A and 3 can be written as

(e, A, ) = — Lt 2 A ((2)f , (D) 3(B)
[JLt .2 P (@) (D (B)d (@)d (D) (B)

Therefore, the bays estimator of any function of a, L and p say g («, 4, 5)

(1-23)

O =38
O =38

00 00 00

[[JL a2 B (@) (A (B)d (@)d (A)d (B)
Ea,4 Bt (@(a, 4, 8)=2220 (L-24)
[[[Lt.a 2B (@)f (A (B) (a)d (A)d (B)

000

It is not possible to compute (1-24) analytically in this case therefore we use MCMC methods
to find the bays estimator of o, A and B using 0=3, A=1and =2
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Numerical experiments and data analysis

mean SD mc error 2.5% median 97.5%
Q 2.742 1.376 0.2156 0.805 2.518 6.002
/} 2.202 0.3523 0.0533 1.622 2177 2.94
y) 1.004 0.1593 0.02584 0.725 0.9945 1.348
CONCLUSION

We can say while the Newton-Raphson method did not converge in many cases or converged
to strange unacceptable results, the bisection method, while slow, gave good results under
different progressive sampling schemes. As a rule of thumb, better results are obtained when
the total number of observations is at least four times as much as the number of parameters.
Also, different sampling schemes gave comparable results within the sample sizes, n,
considered.
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